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Abstract

We considerthe self-calibration problem for the generic
imagingmodelthatassignsprojectionraysto pixelswithout
a parametricmapping. In this paper, weconsiderthecen-
tral variant of this model,which encompassesall camera
modelswith a single effectiveviewpoint. Self-calibration
refersto calibratinga camera'sprojectionrays,purelyfrom
matchesbetweenimages,i.e. withoutknowledge aboutthe
scenesuch asusinga calibrationgrid. Thispaperpresents
our �r st stepstowards generic self-calibration; we con-
siderspeci�c camera motions,concretely, pure translations
and rotations, although without knowing rotation angles
etc. Knowledge of the typeof motion,togetherwith image
matches,givesgeometricconstraintsontheprojectionrays.
Theseconstraints are formulatedand we showfor exam-
ple that with translationalmotionsalone, self-calibration
can alreadybe performed,but only up to an af�ne trans-
formationof thesetof projectionrays. We thenproposea
practicalalgorithmfor full metricself-calibration,thatuses
rotationalandtranslationalmotions.

1. Intr oduction
Many different typesof camerashave beenusedin com-
putervision. Existing calibrationandself-calibrationpro-
ceduresareoften taylor-madefor speci�c cameramodels,
mostlyfor pinholecameras(possiblyincludingradialor de-
centeringdistortion),�sheyes,speci�c typesof catadioptric
camerasetc.seeexamplese.g.in [1, 2, 7, 4, 9, 11].

A few works have proposedcalibrationmethodsfor a
highly genericcameramodel that encompassesthe above
mentionedmodelsandothers[5, 3, 6, 15, 14]: acameraac-
quiresimagesconsistingof pixels;eachpixel captureslight
that travels along a projectionray in 3D. Projectionrays
mayin principlebepositionedarbitrarily, i.e. no functional
relationshipbetweenprojectionraysandpixels, governed
by a few intrinsic parameters,is assumed.Calibrationis
thusdescribedby:

� thecoordinatesof theserays(given in somelocal co-
ordinateframe).

� themappingbetweenraysandpixels; this is basically
asimpleindexing.

One motivation of the cited works is to provide �e xi-
ble calibrationmethodsthat shouldwork for many differ-
entcameratypes.More importantlythesecalibrationworks
alsoprovide the �e xibility to build newer camerasfor spe-
cial applicationsandstill calibratethemwith existing tech-
niques. The proposedmethodsrely on the useof a cali-
brationgrid andsomeof themon equipmentto carry out
preciselyknown motions.

The work presentedin this paperaimsat further �e xi-
bility, by addressingtheproblemof self-calibrationfor the
above genericcameramodel. The fundamentalquestions
are: can one calibratethe genericimaging model, with-
outany informationotherthanimagecorrespondences,and
how? This work presentsa �rst stepin this direction,by
presentingprinciplesand methodsfor self-calibrationus-
ing speci�c cameramotions.Concretely, we considerhow
purerotationsandpuretranslationsmayenablegenericself-
calibration.

Furtherwe considerthe central variantof the imaging
model,i.e. theexistenceof anopticalcenterthroughwhich
all projectionrayspass,is assumed.Besidesthis assump-
tion,projectionraysareunconstrained,althoughwedoneed
somecontinuity(neighboringpixelsshouldhave“neighbor-
ing” projectionrays),in orderto matchimages.

2. ProblemFormulation
We want to calibratea centralcamerawith n pixels. To
do so, we have to recover the directionsof the associated
projectionrays, in somecommoncoordinateframe. Rays
needonly be recoveredup to a euclideantransformation,
i.e. ray directionsneedonly be computedup to rotation.
Let us denoteby D p the 3-vectordescribingthe direction
of therayassociatedwith thepixel p.

Input for computingray directionsarepixel correspon-
dencesbetweenimagesandtheknowledgethatthemotion
betweenimagesis apurerotationor apuretranslation(with
unknown angleor length). For simplicity of presentation,
weassumethatwehavedensematchesoverspaceandtime,
i.e. we assumethat for any pixel p, we have determined
all pixels that matchp at somestageduring the rotational
or translationalmotion. Let uscall a completesuchsetof
matchingpixels,a �ow curve. Flow curvescanbeobtained
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from multiple imagesundergoing the samemotion (rota-
tions aboutsameaxis but not necessarilyby the samean-
gle; translationin samedirectionbut not necessarilywith
constantspeed)or from just a pair of imagesI andI 0.

In Figure1 we show �o w curvesobtainedfrom a single
imagepair eachfor a pure translationanda pure rotation
aboutanaxispassingthroughtheopticalcenter. Let p and
p0 refer to two matchingpixels, i.e. pixels observingthe
same3D point in I andI 0. Let p00refer to thepixel that in
I 0matchesto pixel p0 in I . Similarly let p000bethepixel that
in I 0 matchesto pixel p00in I , andso forth. Thesequence
of pixels p;p0; p00; p000; : : : gives a subsetof a �o w curve.
A dense�o w curve can be obtainedin several ways: by
interpolationor fusionof suchsubsetsof matchingpixelsor
by fusingthematchesobtainedfrom multipleimagesfor the
samemotion(constantrotationaxisor translationdirection,
but varyingspeed).

Figure1: Illustration of �o w curves: translationalmotion
(top)androtationalmotion(bottom).

3. Constraints From Speci�c Camera
Motions

We explain constraintson self-calibrationof projectionray
directionsthatareobtainedfrom �o w curvesdueto speci�c
cameramotions:onetranslationalor onerotationalmotion.

3.1. OneTranslational Motion
Considertwo matchingpixelsp andq, i.e. thescenepoint
seenin pixel p in image1, is seenin image2 in pixel q. Due
to the motion being purely translational,this implies that
theprojectionraysof thesetwo pixels,andthemotionline,
the ray alongwhich thecenterof the cameramoveswhile
undergoingpuretranslation,arecoplanar(they indeedform

anepipolarplane,althoughwewon't usethisnotationin the
following).

It is obviousthatthis statementextendsto all pixelsin a
�o w curve: their projectionraysareall coplanar(andthat
they arecoplanarwith the motion line). We concludethat
the ray directionsof the pixels in a �o w curve, lie on one
line at in�nity . That line at in�nity alsocontainsthedirec-
tion of motion.

When consideringall �o w curves for one translational
motion, we thusconcludethat the ray directionsof pixels
aregroupedinto a pencil of lines at in�nity , whosevertex
is the directionof motion. Clearly, thesecollinearity con-
straintstell ussomethingaboutthecamera'scalibration.

Whencountingdegreesof freedom,we observe thefol-
lowing: at the outset,the directionsfor our n pixels,have
2n degreesof freedom(minusthe3 for rotationR). Dueto
thetranslationalmotion,this is reducedto:

� 2 dof for themotiondirection
� 1 dof per�o w curve(for theline at in�nity , thatis con-

strainedto containthemotiondirection)
� 1 dof perpixel (thepositionof its rayalongtheline at

in�nity of its �o w curve).
� minus3 dof for R.

3.2. OneRotational Motion
Let L betherotationaxis(goingthroughtheopticalcenter).
Considertwo matchingpixelsp andq. Clearly, theassoci-
atedrayslie on a right conewith L asaxisandtheoptical
centerasvertex, i.e. theanglesthe two raysform with the
rotationaxisL , areequal.Naturally, theraysof all pixelsin
a �o w curve,lie on thatcone.Each�o w curveis associated
with onesuchcone.

When countingdegreesof freedom,we so far observe
the following. Due to the rotationalmotion, the following
dof remain:

� 2 dof for thedirectionof therotationaxis
� 1 dof per �o w curve (for theopeningangleof theas-

sociatedcone).
� 1 dof perpixel (the “position” of its ray alongtheas-

sociatedcone).
� minus3 dof for R.

We have not yet exploited all information that is pro-
vided by the rotationalmotion. Besidesthe knowledgeof
rayslying on thesamecone,we have moreinformation,as
follows. Let � be the (unknown) angleof rotation. Then,
the angularseparationbetweenany two rayswhosepixels
matchin thetwo images,is equalto � . Hence,theraysfor
eachsetof pixelsthataretransitive2-view matches,canbe
parameterizedby asingleparameter(an“offset”angle).We
remainwith:
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� 2 dof for thedirectionof therotationaxis

� 1 dof for therotationangle�

� 1 dof per �o w curve (for theopeningangleof theas-
sociatedcone).

� 1 dof persetof matchingpixels(the“offset” of its ray
alongtheassociatedcone).

� minus3 dof for R.

Figure2: The raysof the pixels in the rotation�o w curve
form acone.

3.2.1. ClosedFlow Curves

Let usconsiderwhatwe cando in addition,if the rotation
axis“pierces”theimage,i.e. if thereis apixel whoseray is
collinearwith therotationaxis.Then,in thevicinity of that
pixel, closed�o w curvescanbeobtained.For example,for
apinholecamerawith squarepixelsandnoskew, a rotation
aboutits optical axis produces�o w curvesin the form of
circlescenteredin theprincipalpoint, coveringa largepart
of theimage.

What doesa closed�o w curve give us? Let us “start”
with somepixel p on a closed�o w curve,andlet us“hop”
from one matchingpixel to another, as explainedin Fig-
ure1. We countthenumberof pixelsuntil we getbackto
p. Then, the rotationangle� canbe computedby divid-
ing 360� by that number. Of course,pixel hoppingmay
not alwaysleadusexactly to thepixel we startedwith, but
by interpolation,we canget a goodapproximationfor � .
Furthermore,thiscanbedoneby startingfrom everysingle
pixel on everyclosed�o w curve,andwe mayhopeto geta
goodaverageestimationof � .

4. Multiple Translational Motions
In this section,we explain that multiple translationalmo-
tions allow to recover cameracalibrationup to an af�ne
transformation. First, it is easyto explain that no more
than an af�ne “reconstruction”of projection rays is pos-
sible here. Let us considerone valid solution for all ray
directionsD i , i.e. ray directionsthatsatisfyall collinearity
constraintsassociatedwith �o w curves(cf. section3.1).Let
ustransformall raydirectionsbyanaf�ne transformationof
3-space �

A b
0T 1

�

i.e. we applythe3 � 3 homographyA to theD i . This may
be seenas a projective transformationinside the planeat
in�nity , althoughwepreferto avoid any possibleconfusion
by suchaninterpretation,andsimply think of themapping
asan af�ne one. Clearly, the D 0

i = AD i also satisfyall
collinearity constraints(collinearity is preserved by af�ne
andprojective transformations).

This situationis very similar to whathasbeenobserved
for perspectivecameras:acompletelyuncalibratedperspec-
tivecameracanbeseenasonewhoseraysareknown up to
anaf�ne transformationof 3-space:therole of A is played
by theproductKR of calibrationandrotationmatrix; since
calibrationis only requiredup to rotation,only K matters.
So, the raysof a perspective cameraarealways (at least)
“af�nely” calibrated(not to confusewith the conceptof
af�ne calibrationof a stereosystem). Even with uncali-
bratedperspective cameras,3D reconstructionis possible,
but only up to projectivetransformations.Now, whenmov-
ing acameraby puretranslations,nofurtherinformationon
calibrationcanbegained,althougha projectivereconstruc-
tion maybeupgradedto af�ne [12].

Comingbackto our genericcameramodel,it is thusob-
vious that from puretranslations,we cannot reachfarther
thanrecoveringtheraysup to anaf�ne transformation(the
situationwould be differentfor exampleif multiple trans-
lations were consideredwith the knowledgethat speedis
constant).

We now provide a simple constructive approachto re-
coveractualaf�ne self-calibration.Let usconsider4 trans-
lational motions,in differentdirectionssuchthat no 3 di-
rectionsarecollinear. Let uscarryout thetranslationssuch
that the FOE (focusof expansion)is insidethe image,i.e.
suchthat thereexists a pixel for eachmotionwhoseray is
parallel to the motion line. Let these4 pixels be pixels 1
to 4. Sincewe canrecover ray directionsup to a 3 � 3 ho-
mographyonly, wemay, withoutlossof generality, attribute
arbitrarycoordinatesto thedirectionsD 1 � � � D 4 (suchthat
no 3 of themarecollinear). We now alternatebetweenthe
following two steps:

1. Computethe line at in�nity of ray directionsfor all
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�o w curvesfor which two ray directionshave already
beendetermined.

2. Computeray directionsof pixelswho lie on two �o w
curveswhoseline at in�nity hasalreadybeendeter-
mined.

Repeatthis until convergence,i.e. until no moredirections
or linesat in�nity canbecomputed.

In the �rst iteration,6 linesat in�nity canbecomputed,
for the�o w curvesthatlink pairsof our4 basispixels.After
this,3 new raydirectionscanberecovered.

In theseconditeration,3 new lines at in�nity arecom-
puted.Fromthenon, thenumberof computableray direc-
tionsandlinesat in�nity increasesexponentiallyin general
(althoughpixelsand�o w curveswill bemoreandmoreof-
ten“re-visited” towardsconvergence).

This algorithmis deterministic,hencethecomputedray
directionswill necessarilybe an “af�ne reconstruction”of
thetrueones.

Therearea few issueswith this “proof”:

� the constructiondoesnot statesuf�cient condition in
orderto calibrateall ray directionsof a camera;it just
saysthattheraydirectionswedocalibrate(i.e. thatare
attainedby theconstructionscheme),areindeedup to
thesameglobalaf�ne transformationequalto thetrue
ones.

� apracticalimplementationof theabovealgorithmwill
have to dealwith noise:for example,computed�o ws
curvesarenot exactandthelinesat in�nity computed
for �o w curves that containthe samepixel, will not
usuallyintersectin asinglepoint.

� strictly speaking,theaboveschemefor self-calibration
is not valid for cameraswith �nitely many rays. To
explain what we mean,let us considera camerawith
�nitely many rays, in two positions. In general,i.e.
for anarbitrarytranslationbetweenthe two positions,
a ray in the secondcameraposition, will have zero
probability of cutting any ray in the �rst camerapo-
sitions! Hence,theconceptof matchingpixelshasto
behandledwith care.However, if we considera cam-
erawith in�nitely many rays(thatcompletely�ll some
closedvolumeof space),a ray in onepositionwill al-
wayshave matchingraysin theotherposition(unless
it is outsidetheotherposition's �eld of view). Hence,
ourconstructiveproofgivenin thissection,is valid for
cameraswith in�nitely many rays. In futurework we
will clarify this issuemoreproperly.

5. Self-Calibration Algorithm
We put togetherconstraintsderivedin section3 in orderto
proposea self-calibrationalgorithmthatrequiresrotational

andtranslationalmotions.

5.1. Two Rotational Motions

Froma singlerotationwe obtaintheprojectionraysin sev-
eral conescorrespondingto �o w curves. The local offsets
andthe openinganglesareunknown in eachof the cones.
In the presenceof anotherrotationwe obtaina new setof
conesarounda differentaxis. It is possibleto computethe
projectionrayswithout any ambiguityusingthesetwo mo-
tions.Howeverweproposeasimpleandpracticalalgorithm
for computingtheprojectionrayswith two rotationsandan
additionaltranslationin thenext subsection.

5.2. Two Rotationsand OneTranslation

By combiningour observationsso far, we areableto for-
mulateaself-calibrationalgorithmthatdoesnotrequireany
initialization. It requires2 rotationaland1 translationalmo-
tionswith at leastoneclosed�o w curve.

Thetranslationalmotiononly serveshereto �x theoffset
anglesof all conesarisingfrom thetwo rotationalmotions.
Let p1 bethecenterpixel of the�rst rotationandp2 thatof
the secondone. Considerthe translational�o w curve that
containsp1. All pixelsononesideof the�o w curvestarting
from p1 will have the same� 1. Similarly let � 2 refer to
the offset anglefor pixels lying on the �o w curve passing
throughp2. Thesameholdsfor thesecondrotation.

Without lossof generality, we setthe �rst rotationaxis
asthe Z -axis, andset � 1 = 0 for p2, and� 2 = 0 for p1.
Hence,the ray associatedwith p2 is determinedup to the
angle� betweenthe two rotationaxes. Below, we explain
how to computethisangle.If we alreadyknew it, we could
immediatelycomputeall ray directions: for every pixel p,
we know a line going throughD 1 (associatedwith its � 1)
andsimilarly for D 2. The pixel's ray is simply computed
by intersectingthetwo lines.

Whataboutpixelswhoseraysarecoplanarwith thetwo
rotationaxes? This is not a problembecauseevery com-
putedray directiongivesthe angleof the associatedcone.
Hence,all pixelsonthatconecandirectlyby reconstructed,
by intersectingtheline issuingfrom D 1 or D 2 with its cone.

This reasoningis alsothebasisfor thecomputationof � .
However in generalthe �o w curvesarenot alwaysclosed.
Thuswe presenta moredetailedapproachwhich canwork
with severalopen�o w curves.In orderto understandtheal-
gorithmlet us�rst visualizeasetupasshown in Figure3(a).
Considera plane� 1 orthogonalto the �rst rotation axis.
The intersectionof the conesassociatedwith the �rst ro-
tation axis and the plane � 1 will form concentriccircles
C1; C2; ::Cn with radii r1; r2; ::rn . Let h be the distance
of the cameracenterfrom � 1. Thusthe openingangleof
thei th conecanbecomputedif weknow ther i andh. Now
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(a) (b) (c)

Figure3: a)We show two rotationaxesandaplaneorthogonal� 1 to the�rst axis.We computetherotationaxis,radii of the
concentriccirclesaroundthe�rst rotationaxis,thedistancebetweenC1 andC2 andeventuallytheangle� betweenthetwo
axis.Seetext for moredetails.b) Two rotation�o w curvesandonetranslation�o w curveontheimage.c) Concentriccircles
from rotationanda line translationon � 1.

let usconsidertheintersectionof theconesfrom thesecond
rotationwith theplane� 1. Theseintersectionsareellipses.

As weobservedearliertranslational�o w curvesconsists
of pixelswhosecorrespondingprojectionraysarecoplanar.
The intersectionof thesecoplanarraysandtheplane� 1 is
a line. We usethis informationto computetherelationbe-
tweenr i andlatertheoffsetangles.

Herewe brie�y describethe techniqueusedin comput-
ing r i . Let � 1 and� 2 bethetwo anglessubtendedbyasingle
translationalcurvewith C1 andC2. Wecancomputethean-
gle subtendedby two consecutive pixels in a rotation�o w
curve. Thusit is possibleto obtaintheanglesubtendedby
any two pixelson the�o w curve.Weassumer 1 to beunity.
Thusr2 canbecomputedasbelow.

r2 =
cos( � 1

2 )

cos( � 2
2 )

Similarly wecancomputetheradii of thecirclesof all other
cones.

ThedistancebetweenC1 andC2, thedistanced between
thetwo axeson� 1, canbecomputedby constructinga �o w
curvepassingthroughthecenterpixel (pixel corresponding
to theaxis)of thesecondrotationandestimatingits radius.
Finally we needto computethe valueof h to compute� .
In orderto computeh let usconsiderthe �o w curve of the
secondrotationpassingthroughthecenterpixel of the�rst
rotation.Thecorrespondingconeintersects� 1 asanellipse.
We intersectthis �o w curveswith the�o w curvesaboutthe
�rst axisto obtainsome3D pointson � 1. Thesepointscan
beusedto parameterizetheellipse.Oncewe know thema-
jor radiusr a of theellipsewecancomputeh and� asshown
below.

tan(2� ) =
2tan(� )

1 � tan2(� )
;

2ra

h
=

d
h

1 � ( d
h )2

; � = tan � 1(
d
h

)

The algorithm doesnot require all �o w curves to be
closed.Forexamplein Figure5 weshow thescenariowhere
we calibratea �sheye camerawith only few closed�o w
curves.

5.3. Many Rotationsand many Translations
For example,oncewe know the projectionraysfor a part
of the imageand the inter-axis angle� , we can compute
the projectionrays for pixels in the cornersof the image
using�o w curvesfrom two differenttranslationalmotions
or alternatively, from asinglerotationalmotion.

6. Experiments
We testedthealgorithmof section5.2usingsimulatedand
real cameras.For the real cameras,groundtruth is dif�-
cult to obtain,sowe visualizetheself-calibrationresultby
performingperspectivedistortioncorrection.

6.1. DenseMatching
It is relatively easyto acquireimagesin favorablecondi-
tions. For puretranslations,we usea translationstage.As
for purerotations,onecouldusea tripod for example,but
anotherpossibilityis to point thecameraatafarawayscene
andperformhand-heldrotations.To maketheimagematch-
ing problemsimplerwe usedplanarsurfaces.We consid-
eredtwo scenarios.The �rst approachusessimplecoded
structuredlight algorithm[16], which involves in succes-
sively displayingpatternsof horizontalandvertical black
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and white stripeson the screento encodethe position of
eachscreenpixel. In the secondscenariowe considera
planarscenewith black dots. In both thesecaseswe do
not know the physicalcoordinatesof the scene.We used
OpenCVlibrary to performdensematching[13]. Neighbor-
hoodmatcheswereusedto checktheconsistency in match-
ing andto remove falsematches.Planarscenewasusedto
simplify thematchingprocess.Howeverour calibrational-
gorithmis independentof thenatureof thescene.Wetested
ouralgorithmwith simulationsandrealdata.In simulations
we testeda pinholecamerawith andwithout radialdistor-
tions. Thevirtual pinholecamera,constructedusinganar-
bitrarycameramatrix, is madeto capturearandomsurface.
Weobtainedmatchesin thecaseof puretranslationandpure
rotations.The�o w curvesandcalibrated3D raysareshown
in Figure4. We usedellipseparametrizationfor �tting the
�o w curves. It is easyto realizethat the �o w curve in the
caseof rotationis an ellipsefor perspective cameras.The
ellipse�tting wasreasonablyaccuratefor �sheye cameras
aswell. In thecaseof centralcatadioptriccamerasthe�o w
curveswill not beellipses.In suchscenarioswe mayneed
to usenonparametricapproaches.As expectedweobtained
accurateresultsin simulationsandit con�rmed thevalidity
of our algorithm.

SecondlywetestedouralgorithmonNikoncoolpix �sh-
eye lens,FC-E8, with a �eld of view of 183 degrees. In
Figure5 we show the translationandrotation�o w curves.
We �tted ellipsesfor both the rotationaland translational
�o w curves.

6.2. Distortion Corr ection
Onceacamerais calibrated,onecanperformdistortioncor-
rection in a straightforward manner. We do this by plac-
ing a virtual perspective cameraat theopticalcenterof the
calibratedrealcamera,andapplythefollowing simpleren-
deringscheme.Onehasto specifya �eld of view andthe
imageresolutionof the virtual camera,i.e. a focal length
andthesizeof thedistortion-correctedimage.Further, one
needsto specify the virtual camera's orientation. By de-
fault, we choosea rotationsuchthat thecenterpixel of the
virtual cameraandof the real camera,have collinearpro-
jectionrays.

The distortion-correctedimageis renderedas follows.
For every pixel of the imageto be rendered,we compute
its projectionray, usingthespeci�ed focal lengthandcam-
eraorientation. We thendeterminethe k closest(in terms
of angle)projectionray(s)of the real camera.We look up
theRGBvaluesof theassociatedpixelsin theoriginal,dis-
torted image,and interpolatethemto determinethe RGB
valueof the pixel to be rendered. Different interpolation
schemesarepossible,i.e. nearestneighborinterpolationfor
k = 1 or a weightedaverage(weightsdependingon angle
betweenrealandvirtual projectionray) for k > 1.

Figure4: Top left: �o w curvesassociatedwith a singlero-
tationona perspective image.We also�tted ellipseson the
�o w curvesto analyticallycomputethe intersectionswith
other �o w curves. Top right and bottom: projectionrays
aftercalibrationin two differentviews.

For examplewe show theperspectively synthesizedim-
agesin Figure6. The minor artifactscould be dueto the
imprecisionin theexperimentaldataduringrotation. Nev-
ertheless,thestrongdistortionsof thecamerahavebeencor-
rectedto a largeextent.

7. Conclusions
We have studiedthe genericself-calibrationproblemand
calibratedgeneralcentralcamerasusingdifferentcombina-
tionsof puretranslationsandpurerotations.Ourinitial sim-
ulationsandexperimentalresultsarepromisingandshow
thatself-calibrationmay indeedbefeasiblein practice.As
for futurework,weareinterestedin relaxingtheconstraints
on thecameramodelandthemotionscenarios.
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Figure6: Top: original imageswith theboundariesshowing thecalibrationregion. Middle andbottom:generatedperspective
images.
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