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Abstract

We presenta methodto obtainthesolutionsto thegeneral-
ized6-point relativeposeproblem. Theproblemis to �nd
therelativepositionsof twogeneralizedcamerassothatsix
correspondingimage raysmeetin space. Here, a general-
izedcamera is a camera that capturessomearbitrary set
of raysanddoesnot adhere to thecentral perspectivepro-
jectionmodel. Thecamerasare assumedto becalibrated,
which meansthat we know the image rays in Euclidean
camera coordinatesystems.Mathematically, the problem
is therefore, giventwo Euclideancon�gurationsconsisting
of six lines each, to �nd a rigid transformationof the �r st
six lines so that each transformedline intersectsits corre-
spondingline fromthesecondset.
We showthat theproblemhas64 solutionsin general and
solveit by computinga

���������

matrix on closedform and
thenextractingits eigen-vectors. Hencewepresenta solver
that correspondsto the intrinsic degreeof dif�culty of this
minimalproblem.
Our numericalexperimentsshowthat thepresentedsolver
canbeusedin a RANSAC-implementation.

1. Intr oduction
Solvingfor therelativepositionsof two imagesgivencorre-
spondingpointsis oneof thefundamentaltasksin computer
vision in generalandin structurefrom motionin particular.
Solutionsexist for mostcasesarisingwith traditionalcam-
eramodels,suchascalibratedperspective [6], uncalibrated
perspective[12] anduncalibratedaf�ne [13].

In the caseof a calibratedperspective camera,Kruppa
[14] showed that there are at most eleven solutions for
two imagesand� ve points. Later is hasbeenshown that
thereare only ten solutions. Solutionsfor suchminimal
caseshave provenuseful in practiceashypothesisgenera-
tors in hypothesize-and-testalgorithmssuchas RANSAC
[7], wherethe solutionsfrom a large numberof randomly
selectedminimal point samplesare robustly scoredbased
on their supportover thewholedataset.

Recently, therehasbeenintenseinterestin generalized
cameras,i.e. non-centralcamerasthat,dueto their geome-

Figure1: Top: The minimal classicalrelative poseprob-
lem is to �nd the solutionsfor relative poseof two cam-
eras so that �ve correspondingimage raysmeetin space.
Bottom: We solvetheminimalgeneralizedproblem,which
is to �nd thesolutionsfor relativeposeof two generalized
camerasgivensix correspondingpoints.Theimage raysof
thegeneralizedcamerasdo not go througha commonpro-
jection center. It is therefore also possibleto solvefor the
scaleof the translation,which is the reasonfor the addi-
tional point. Thegeneralizedsolutionletsusdealwith any
of therecentlyverypopularcamera geometriesthat do not
adhere to a central perspectivemodel,such as for exam-
ple a camera madeup of several rigidly attachedcameras
moving together, or a camera facingan arbitrarily shaped
mirror.



try, donothaveaprojectioncenter[2, 17, 15]. For example,
we canconsidera bug-eye cameraor multi-camerarig of
rigidly attachedcamerasmoving togetherasa singlecam-
era.This letsusobtainlargercoverageandpotentiallymore
stablemotion estimation,but in order to achieve this, we
have to usethegeneralizedcameramodel. Anotherexam-
ple of a generalizedcamerais an omni-directionalcamera
createdwith a regular camerafacingan arbitrarily shaped
mirror. Theimageraysfrom sucha cameraarenot in gen-
eralconcurrentin asinglepoint.

Theinformationaboutall light in asceneis embeddedin
the plenopticfunction [1]. Extremegeneralityis obtained
by just consideringa generalizedcameraasa device that
samplesin anarbitraryfashionfrom theplenopticfunction.
We areableto work with this level of generalitysimply by
assumingthatwehaveamappingfrom imagepointsto rays
in thecameracoordinatesystem[9, 19].

Assuming that the cameracoordinatesystem is Eu-
clideanis equivalent to assuminga calibratedcamera. In
this mannerwe canrelegatethe speci�cs of the camerato
a prior calibrationprocedure.Hence,theproposedmethod
solvesgeneralizedrelativeposefor any generalizedcamera
providedcalibrationis known.

Notethatif onewantedto createa generalizedanalogue
for uncalibratedrelative pose,onealmostinevitably would
have to assumesomeparametricmodel for the unknowns
andonethenlosestheability to createaone-�ts-all solution,
onepossiblesuchalternativeis thepushbroomcamera[11].

However, thereis anothertype of analogueto the cali-
bratedcase,which is to assumethat thecameracalibration
is known up to an af�ne transformation.In Section3 we
indicatethat this is what leadsto the uncalibratedframe-
work in theclassicalcase.In theclassicalcasethis leadsin
generalto simplerequations.Weinvestigatethecomplexity
of the af�ne formulationfor the generalizedcaseand�nd
thatfor minimal problemsit leadsto very largenumbersof
solutions.

Theminimal poseproblemfor generalizedcamerashas
beensolved [3, 16], as well as the minimal relative pose
for pureplanarmotion[18]. Plessgeneralizedtheepipolar
constraintin [17] andalsoinvestigatedin�nitesimal motion
for generalizedcameras.

However, to thebestof ourknowledge,noneof themini-
mal relativeorientationproblemswith �nite motionof gen-
eralizedcamerashave previously beensolved. We cata-
logue six different minimal generalizedcameraproblems
andsolve themostfeasibleof therelative orientationprob-
lems.

The remainderof the paperis organizedasfollows: In
Section2 we introducethegeneralizedepipolarconstraint,
in Section3 we cataloguetheminimal cases.Thesolver is
presentedin Section4.

2 GeneralizedCameraModel

Figure1 shows thedifferencebetweenclassicandgeneral-
izedcameras.In theclassiccamera,all rayspassthrougha
commonpoint, thecameracenter, while in thegeneralized
camerathis is not thecase.

Theconventionalcameramodelhasdif�culties in treat-
ing problemsinvolving systemsof multiple camerasor
cameraslookingthroughanon-planarmirror. In suchacase
it is impossibleto �nd acommoncameracenter.

With acalibratedgeneralizedcameraweknow how each
imagepoint correspondsto a uniqueline. The problemis
posedusing lines in 3D and they are hereparameterized
usingPlückercoordinates.A Plückervectoris asix-vector
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The imagespaceof the generalizedcameraconsistsof
rays �
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� in the cameracoordinatesystem. This model
doesnot distinguishif the generalizedcamerais a multi-
camerasystemor a cameraviewing the world througha
non-parabolicmirror. as long as the systemis calibrated.
Equation(1) is valid if theworld point is givenin thecoor-
dinatesystemof thecamera;however, this is not often the
case,andthereis an unknown transformationbetweenthe
world coordinatesystemandthecameracoordinatesystem.
If the transformationfrom the world coordinatesystemto
thecameracoordinatesystemis givenby (
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for a point �.- in theworld coordinatesystemequation(2)
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where1 indexesoverpointsand 2 overviews.
In this paperthefollowing problemwill bestudied,

Problem2.1. Givenimagerays
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In [17] Plessderivesa generalizedepipolarconstraint,
wherethe�rst camerapositionis setto ���

�

�

� . We will here
derivethesameconstraintwithout this restriction.

We will now studytheconstraintthattwo corresponding
imageraysplaceon the camerageometry. For two image
raysto bein correspondence,they mustintersectin apoint.
Two raysin Plückercoordinates,
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However, if thesetwo linesaregivenin alocalcameracoor-
dinatesystemthey must�rst betransformedto theworldco-
ordinatesystem.In orderto beconsistentwith Equation(3),
pointson thetwo lineswill betranformedby (	�
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� and (
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cross-productmatrix sothat
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Equation(4) thenbecomes
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Wewill usequaternionsto representrotations.A quater-
nion is a four-vector �
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is a three-vector. Quaternions
canbeusedto parameterizerotationsaccordingto
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where$ is chosensothat )+* , )
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and ( is the -
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- iden-
tity matrix. If !/.0!
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in Equation(6).
Rescalinga quaternionwill give a different $ but thesame

) . Subsequentequations(8) arehomogeneousin ) , sothe
normof ) is unimportant.We will parameterize) by set-
ting
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in equation(6), i.e.
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3 Minimal Cases

We will herecataloguetheminimal casesfor poseandrel-
ative posefor generalizedcameras.Thekey observationis

thatobservingarayin ageneralizedcameragivestwo equa-
tionsandthatapoint in spacehasthreedegreesof freedom.
For generalizedposeandgeneralizedrelativeposewe wish
to solveProblem2.1.

For thegeneralizedrelative poseproblemsthatwe have
beenunableto solve we have formulatedanalogousprob-
lemsover 354 wherep is a large prime numberandtested
thesein Macaulay2 [8]. This givesan indicationof what
numberof solutionsto expect.

Relative Pose with a Euclidean Generalized
Camera

Eachcamerahassixdegreesof freedom,but theworldcoor-
dinatesystemcanonly bedeterminedup to a rigid motion.
With

:

camerapositionsand
7

raysobservedin all images
therearea totalof
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excessconstraints.

EuclideanGeneralizedCamera
n

m 1 2 3 4 5 6 7 8
1 -1 -2 -3 -4 -5 -6 -7 -8
2 -5 -4 -3 -2 -1 0 1 2
3 -9 -6 -3 0 3 6 9 12
4 -13 -8 -3 2 7 12 17 22
5 -17 -10 -3 4 11 18 25 32

Minimal casesarewhenthenumberof equationsequals
thenumberof unknowns. In the tableabove therearetwo
zerosandthesearetheonly two minimalcasesfor thisprob-
lem. Using the thealgebraicgeometrysoftwareMacaulay
2 [8], we computethe numberof solutionsfor the analo-
gousproblemover 3

4 , this numberusuallycorrespondsto
thenumberof solutionsover

&

. For
:

�6%

and
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we
get 64 solutionsand for
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- and
7
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we get 1320
solutions.

RelativePosewith an Af�ne GeneralizedCam-
era

By an af�ne generalizedcamerawe meana camerafor
whichposesareaf�ne transformationmatrices.In this case
thereare
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excessconstraints.

Af�ne GeneralizedCamera
n

m 5 6 7 8 9 10 11 12
1 -5 -6 -7 -8 -9 -10 -11 -12
2 -7 -6 -5 -4 -3 -2 -1 0
3 -9 -6 -3 0 3 6 9 12
4 -11 -6 -1 4 9 14 19 24
5 -13 -6 1 8 15 22 29 36

Therearetwo minimal cases



� Two positionsandtwelveraysfor whichtheanalogous
problemover 3�4 problemhas348solutions.

� Threepositionsandeightrays.We expectthenumber
of solutionsto be very high aswe have not beenable
to computethe numberof solutionsto the analogous
problem.

GeneralizedPose

In [16] NistÂersolvestheposeproblemfor Euclideangener-
alizedcameras.

Weobserveherethatgeneralizedposefor af�ne cameras
is a linear problemwith a uniquesolution in general. It
is a direct generalizationof the DLT for the classicalcase
[12]. In thegeneralizedcasetheproblemis exactlyminimal
insteadof overdeterminedby one.

4 SolvingTwo Camerasand Six Rays

Theorem1. For two(calibrated)generalizedcamerastak-
ing imagesof sixlabeledpointsin spacetherearein general
64solutions,(notup to scale),to Problem2.1.

Proof. Wewill in thefollowing giveasolverwhichhasthis
numberof solutionswith zeroresidual.

Thecoordinatesystemcanbechosenup to a rigid trans-
formation,i.e. a rotationanda translation.The rotationis
setby choosing)
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( , the -
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- identitymatrix.
With )
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� , thegeneralizedepipolarconstraint(5) be-
comes
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Equation(8) is linearin therotation )

�

. Thismeansthatwe
canscale)

�

with any non-zerofactorwithoutviolating (8)
anduseEquation(7).

4.1 Removing the Translation Parameters

In order to be able to eliminatethe translationparameters

+
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and
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in (8) a specialparameterizationis used. This
parameterizationis asymmetricandby repeatedlychoosing
differentasymmetriesan increasingnumberof linearly in-
dependentequationscanbeobtained.

Until now only therotationof thecoordinatesystemhas
beenset.By choosingoneof theworld pointsastheorigin,
i.e. ���

�

�

� � �

�

� for some
�

� �

�

�6�6�

�

�

�

the transla-
tional part of the coordinatesystemis set. Now, consider
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Thiscanbesimpli�ed to
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We haveusedpoint
�

to expressthesix translationparame-
ters,
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/ , aslinearexpressionsin thetwo unknown depthpa-
rameters
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ing pointsgives� ve equationsin theunknown rotation )
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Theentriesin
�

�

� !

� arequadraticin ! , anddependother-
wiseonly onmeasuredimagedata.

Equation(11) has non-trivial solutions, and therefore
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must have determinantzero. Thereare ten suchsubma-
trices. This gives ten equationsof degreesix in the un-
knowns �
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� . This setof tenequationshastwo one-
dimensionalfamiliesof falseroots.

Computing
�

� and the resultingequationsfor several
differentvaluesof
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givesten new equations
for eachvalueof
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. The numberof linearly independent
equationswill grow with the number
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of differentvalues
of
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used.For
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thefalserootsareeliminated.

7

1 2 3 4 5 6
equations 10 20 30 40 50 60

lin. indep.eqs. 10 14 15 15 15 15
falseroots y n n n n n

We choseto use
7

�

- but all
7��

�

work well. Theorder
of elimination is a little more elegant for

7

� %

but the
numericalstability is a little betterfor

7

�

- asis shown in
Figure6.

4.2 Creatinga Gr öbner-Basis

In the following stepswe will createand usea Gröbner-
basis.More informationandtheoryon Gröbner-basescan
befoundin textbookson AlgebraicGeometry, for example
[4, 5].

OurGröbner-basisis built with respectto GrevLex order
in orderto avoid the heavy calculationsnecessaryto build
a lex-orderbase.Whenworking with only up to 6thdegree
monomials,the84monomialsareorderedin pureGrevLex.
Whenworking with the 120 coef�cients of monomialsup
to degree7, theorderis alteredso that

�! 

� is placedasthe
64thsmallestelement.Thereasonfor alteringtheorderis



that we know which monomialswill be indivisible by the
leadingtermsof theGröbner-basis.
All polynomialsarereplacedby rows in matriceswith the
columnssortedaccordingto theabove modi�ed monomial
order.

1. Choosing
7

�

- whenperformingthe eliminationof
depthsgives30 equations.Fromtheseequationsit is
possibleto choose15 linearly independentequations
either by prior knowledgeor Gauss-Jordanelimina-
tion. Therearenow 15equationsof degree6.

2. The resultsof multiplication by
�

,
�

�

,
�

�

and
� �

are
stacked into a

�

�

�

�7% �

matrix. This matrix (gener-
ally) hasrank56. Gauss-Jordaneliminationis applied.
After eliminationthereare56polynomialsof degree7
andlower.

3. This matrix contains27 of the28 elementsneededfor
aGröbner-basis.

4. To get the last elementin the basis,the polynomial
representedby row 6 is multiplied by

�

�

and is sub-
tractedfrom thepolynomialin row 4 multipliedby

�'�

.
This is doneby using the multiplication matricesfor
thepartsof thepolynomialsthatareof degree �

�

and
separatelyhandlingthe4 elementsof degree7. There-
maindersof thispolynomialarecomputedwith respect
to all old polynomials.

Now a GrevLex Gröbner-basishasbeencalculated.Let
� be the ideal formedby our polynomials.A basisfor the
ring )

�

&
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� containing64 monomialsis then
chosen. Using the Gröbner-basisit is straightforward to
computetheactionmatrix
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for thelinearoperator
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For somebasismonomials� theproduct�

�

�

is still in the
basisso the correspondingcolumncontainsa singlenon-
zeroentry. For othermonomialsthe resultswill bemono-
mials outsidethe matrix. Here the Gröbner-basisis used
to �nd a representative of the equivalenceclass�

�

�

with
monomialsin the basisof ) . The transposeof the action
matrix is shown in Figure5.

Theeigen-valuesof
:

�

�
�

arethesolutionsfor
�
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andas
longasthesesolutionsaredistinct(genericcase)theeigen-
vectorsgive solutionsto �
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� , cf. [5]. Theargument
is brie�y as follows. Denote �

�

the row vectorof mono-
mials and ��� the coordinates(or coef�cients) of the poly-
nomial � , i.e. we can think of the polynomial � as �
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��� .
Now
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for
eachpoint
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. This is, however, aneigen-valueproblem
for thetransposedactionmatrix
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Figure2: The 30 equationswe begin with. Herethereare
84monomialswith non-zerocoef�cients andonly theseare
represented.
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Figure5: Thetransposeof theactionmatrix.
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- . Using
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- is a little better.

Whenthe eigen-valuesarenot distinct it is possibleto
considerthe actionmatrix

:

� for a randomlinear combi-
nation � of �

�

�

�

�

�

�

� �

� instead.
The solutionsfor the translationshave to be computed

usingbacksubstitution,i.e. from Equation(8). This prob-
lem is linearin thetranslationparameters�

+

�

� +

�

� .
By studyingspeci�c instancesof the problemit canbe

shown that(i) thereareexamplesof imagedatawith 64so-
lutions. Thefunctionaldeterminantof theproblemis non-
degenerateandtheequationsarecontinuousin theparame-
ters. Using the inversefunction theoremthereis an open
neighborhoodof instanceswith 64 solutions. This com-
pletestheproofof Theorem1.

4.3 DegenerateSituations

With a setupwhereeachpoint is observed for both times
from the samepoint in the cameracoordinatesystemand
themotionis apuretranslation,thenit is impossibletosolve
for thescaleof thetranslation.This is typically thecasefor
amulticamerasetup.
If all camerasin amulticamerasetupall lie ona line andall
pointsareobservedby the samecameraboth in image-set
oneandimagesettwo, thenthereis aone-dimensionalfam-
ily of solutionsconsistingof the line rotatingarounditself
with all pointsatdepthzero.If thesefalserootsareremoved
thenthecorrespondinganalogousproblemover 3

4 has56
solutions.

4.4 Numerical Experiments

As this is a minimal casesolver, theerrorsmustbedivided
into two parts. Part one is the numericalstability of the
solver itself andpart two is thestability of thesolutionun-
dernoise.The�oating point calculationsareperformedas
double . Whenno noiseis appliedthe errorsareusually
small,97.8%of theestimatedrotationmatriceshave errors
of lessthan

�

degree.This is shown in Figure7.
In orderto test if this solver canbe usedfor RANSAC

implementationwe have set up sometest with synthetic

10
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Figure7: Error (in degrees)in rotationmatrix for randompoints
andmovements.

data. The setupis as follows: The room hasside-length
two andhas100 pointsper wall. The camerarig is in the
centerof the roomat the time of imageoneandrotatedby

) andtranslatedby
+

at thetimeof imagetwo. Thereis one
cameraon therig for eachobservedpoint andeachcamera
makeanobservationfor imageoneandoneobservationfor
imagetwo. The cameraslie in a planein the cameraco-
ordinatesystemandhalf of thempoint forwardandhalf of
thempointsbackwards.Thecamerashavea meandistance
of

�

�

�7%

� to thecameracoordinatesystemcenter.

Whenobservingpointseachcameracanonly seepoints
within -

��


from it principaldirection.

The measureddirectionsto the pointsaredisturbedby
Gaussiannoisecenteredat the correctpoint with standard
deviation in degreesgiven in the plots. In order to get an
estimatefrom degreesto pixel, considera camerawith a
�eld of view of

�

��


with a resolutionof
�

� �

pixels. Then
onepixel is

�

�

��


.

We perform100iterationsin theRANSAC loop andthe
solutionsarescoredbasedon there-projectederrorsof the
intersectedpoints,the target function is computedas

� �

�

�
-

� �
-

$

�

�

�

�

�

�

where �
- is thenorm of the imageerror

of observation 1 computedin normalizedimagecoordinates.
No iterativeadjustmentis performed.

In Figure8 the error in estimatingthe rotationand the
translationare shown. The estimatesfor the size of the
translationsis not of comparablequality andgettinggood
estimatesfor the translationsize requiresgood precision,
this is presentedin Figure9.

In Figures10and11. wepresentthesameexperimentas
in Figures8 and9 but with

�5��


outliersadded.No attempt
to removetheoutliers.
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Figure8: Error in determiningthe rotationmatrix. No outliers,
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rotation. No outlier removal attempted.Note that onepixel
correspondsto
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Figure9: Error in determiningthetranslationscale.No outliers,
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rotation. No outlier removal attempted.Note that onepixel
correspondsto
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. Thepresentederroris calculatedasthemean
of �
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Figure10: Error in determiningthe translationscale.10% out-
liers,
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rotation. No outlier removal attempted.Note that one
pixel correspondsto
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. Thepresentederroris calculatedasthe
meanof �
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Figure11: Error in determiningthe translationscale.10 % out-
liers,
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rotation. No outlier removal attempted.Note that one
pixel correspondsto
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. Thepresentederroris calculatedasthe
meanof �
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4.5 Time Requirements

The eigen-valuecalculationtakes 85% of the time in the
current implementationand this fraction can only be ex-
pectedto increaseif theotherpartsarefurtheroptimized.
Executiontime to get

!
is

%��

:

�

onaCeleron
%

�

�('*),+

.
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6. Conclusion
We have shown how to solve thegeneralizedminimal case
of 2 positionsand6 pointsin apracticalway.
Performingtheeliminationsin a matrix formulationhasal-
lowedusto usepivotingin theelimination,whereasstraight
Buchbergerwouldnotpermitthis. To thebestof ourknowl-
edgethis is the�rst minimal solutionto any of thegeneral-
izedrelativeorientationproblems.
In the experimentswe have shown that this solver canbe
usedfor a RANSAC implementationfor generalizedcam-
eras.Thisgivesthesolverapracticalvalue.
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