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Abstract

The reconstruction of 3D scenes constituted by straight
lines can �nd many applications both in Computer vision
and in Mobile robotics. Most approaches to 3D reconstruc-
tion analyze several images, which need the determination
of the correspondences between the used images.

This paper studies the localization of straight lines in
3D space from single 2D images, acquired by a noncentral
catadioptric camera.

In general, using a noncentral camera, the viewing rays
starting from the points of a straight line constitute a non-
planar surface: if this non-planar surface only contains a
�nite number of straight line, other than the viewing rays,
then the straight line can be localized (up to a �nite number
of solutions).

In a previous work we dealt with line localization using
an axial-symmetric catadioptric camera. In this paper the
axial-symmetry constraint is relaxed, since the camera is
placed at a generic position relative to an axial-symmetric
mirror. The geometrical conditions for line localization are
derived for off-axis catadioptric cameras based on a conic
mirror, and some preliminary experimental results are pre-
sented.

1. Introduction
Consider a 3D scene constituted by some straight lines (as,
e.g., edges on the ceiling of a room or on furniture objects):
the addressed problem is to reconstruct the orientation and
position of these straight lines. Laser range scanners can
provide suf�cient data for the problem solution: however
these sensors are invasive, and sometimes their use must
be restricted to protect human users. Visual approaches do
not suffer from these drawbacks. Most of these approaches
are based either on stereo-vision, or on the analysis of a
sequence of images taken from different positions, thus re-
quiring the solution of the correspondence problem.

In order to avoid the analysis of the correspondences be-
tween different images, we propose an approach to the lo-

calization of straight lines in 3D space based on the use of a
single 2D image acquired by a noncentral catadioptric cam-
era.

A catadioptric camera is generally constituted by a mir-
ror placed in front of a perspective camera. Noncentral cam-
eras, i.e. cameras whose viewing rays are not all concurrent
[1], can be realized, e.g., by linear push-broom cameras [2],
cross-slit cameras [3], catadioptric cameras [4]. A partic-
ular type of noncentral camera is the oblique camera [5],
where any two viewing rays are skew. Noncentral cam-
eras have been used for 3D localization from two views [6].
A method for line localization from single panoramic im-
ages has been presented, using prior information about par-
allelism and coplanarity [7].

In a previous work we showed some conditions for the
univocal localization of straight lines from single images
acquired by an axial-symmetric catadioptric camera: an
axial-symmetric catadioptric camera consists of an axial-
symmetric mirror and a perspective camera, whose view-
point is placed on the mirror axis. Axial-symmetric mirrors
are attractive since they can easily be manufactured.

However, an axial-symmetric camera is dif�cult to set
up, due to the necessity to accurately place the viewpoint of
the perspective camera on the mirror axis.

In this paper we deal with the more general case of a
catadioptric camera, consisting of an axial symmetric mir-
ror and a perspective camera placed at generic relative po-
sition. Such cameras, which can easily be set up, show a
planar symmetry: their symmetry plane is the plane through
the mirror axis and the viewpoint of the perspective camera.

We restrict our attention to catadioptric cameras based on
a conical mirror and a perspective camera placed at generic
relative position. For this catadioptric camera, we derivea
suf�cient condition such that the localization of a line in the
3D space has at most two solutions. To localize a space line
from the viewing rays corresponding to four points of an
image curve, a quadratic method can be employed, devel-
oped by Teller [8] and already used for trajectory triangu-
lation [9]. Finally, we show some preliminary experimental
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results.
In Section 2, some basic geometric properties are re-

called, catadioptric cameras are introduced and the line lo-
calization problem is formulated. In Section 3 �rst some
properties of axial-symmetric cameras are summarized,
then off-axis catadioptric cameras, based on conical mir-
rors, are considered and some geometric aspects are dis-
cussed. In Section 4, a suf�cient condition is derived for
the line localization problem to admit at most two solu-
tions. Section 5 applies a simple quadratic method for the
localization of a line in 3D space from an image curve. In
Section 6 some preliminary experimental results are pre-
sented. Section 7 concludes the paper.

2. Preliminary notions and problem
formulation

2.1 Ruled quadrics

Non-degenerate ruled quadrics are surfaces containing two
distinct families of straight lines, such that each line of one
family crosses (only once) all the lines of the other family,
while any two lines of a same family are either identical or
skew. At each of its points, a line of one family crosses
exactly one line of the other family.

Which is the most general class of non-planar viewing
surfaces, that contain more than two straight lines, other
than viewing rays? The following property holds.

Property 1. [10] The set of points belonging to all the lines,
that cross three skew straight lines, is a ruled quadric.

Therefore, the most general viewing surface that con-
tains more than two straight lines, other than the viewing
rays, is a ruled quadric. A ruled quadric actually contains
in�nite straight lines other than the viewing rays.

Property 2. [10] In a non-degenerate ruled quadric, any
two lines of the same family are skew.

A degenerateruled quadric consists of two planes.

2.2 Catadioptric cameras

A catadioptric camera is obtained by placing a mirror be-
tween the scene and a standard perspective camera. In a
catadioptric camera, the viewing ray coming from a scene
point is re�ected by the mirror, before it goes through the
camera viewpointO and crosses the image plane. The sur-
face orientation plays a key role in the re�ection of the view-
ing rays. In this paper conical mirror surfaces are consid-
ered.

The image of a scene pointP is obtained by re�ecting a
viewing rayfrom P at a re�ection pointB on the mirror sur-
face, such that the normal to the mirror surface atB bisects
the angle between the rayP B and the lineBO.

Let us consider a space lineL : the union set of the view-
ing rays of the points onL is called theviewing surfaceof
L . This surface is also denoted as theinterpretation surface
of the image curvec, wherec is the image ofL .

Given the interpretation surfaceSc of an image curvec,
the line localization problem consists in the determination
of a space line, other than the viewing rays, contained inSc.

The idea beyond 3D line localization is to exploit view-
ing surfaces, that are neither planar nor ruled quadric.

If a line has a planar viewing surface, then it can not
be localized, since the viewing surface contains an in�nite
number (technically,1 2) lines, other than the viewing rays.

If a line has a ruled quadric viewing surface, then it can
not be localized, since the localization problem has1 1 so-
lutions.

If the viewing surface of a line is neither a plane nor a
ruled quadric, this line can be localized up to two solutions.
In fact, from Property 1, this viewing surface can contain at
most two lines, other than the viewing rays.

Therefore we consider a noncentral camera consisting
of a conical mirror plus a perspective camera placed at a
generic position relative to the mirror. In this case, for al-
most any space lineL , the viewing surface ofL is a curved
surface. This removes the above mentioned degeneracy.

3 Geometric properties of catadiop-
tric cameras

3.1 Summary on axial-symmetric cameras

In a recent work [11], axial symmetric cameras have been
considered for 3D line localization. In this con�guration,all
the rays are constrained to cross the symmetry axis. There-
fore, all themeridian planes, i.e. the planes containing the
symmetry axis, are planar viewing surfaces. Hence those
lines, that are coplanar with the symmetry axis, can not be
localized.

Let us consider an axial-symmetric catadioptric camera
based on a convex mirror: it has been shown [11] that, un-
der broad conditions, a generic space line can univocally be
localized from its image.

Let us now consider axial-symmetric cameras based on
a conical mirror. Thecausticof this camera, i.e., the locus
of the effective viewpoints, is a circumference centered on
the cone axis. Since the caustic is a planar curve, the plane
containing it is a planar viewing surface. As before, any line
lying within this plane can not be localized.

The following theorem has been proved in [11]:

Theorem 1. Using a conical-mirror based axial symmetric
camera, any visible line not contained in a planar viewing
surface, can univocally be localized.
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3.2 Off-axis catadioptric cameras

By placing the viewpointO of a perspective camera at a
generic position relative to an axial-symmetric mirror, the
axial symmetry is removed, but a planar symmetry is pre-
served: the plane through the viewpointO and the mirror
axis is the symmetry plane for this con�guration.

In the sequel of the paper, we consider a catadioptric
camera consisting on a conical mirror and a perspective
camera placed at generic relative position. For such a cam-
era, the planar viewing surfaces are “displaced” with respect
to the axial symmetric case illustrated in Section 3.1.

Let A be the cone apex. Ameridian line l is a line
through A contained in the cone surface: notice that a
meridian line is the intersection between a meridian plane
and the cone surface. For any meridian linel there ex-
ists a tangent plane¿l common to all the points onl (see
Figure 1). The set of viewing rays through points of a
meridian linel identify a planar viewing surface¼l . In fact,
since all re�ection points onl share the same tangent plane
¼l , they act as a single re�ecting plane: the viewing surface
thus describes a plane throughl and the “re�ected” view-
pointOl , whereOl andO are symmetric with respect to the
tangent plane¿l (see Figure 2).

Let us derive the expression of the coordinates of the re-
�ected pointOl as a function of the angleÁ formed between
the symmetry plane and the meridian plane containing the
meridian linel .

To do this, we �x a frame, whose origin is the cone apex
A, whosez-axis is the cone axis, and whosey-axis is the
normal to the symmetry plane. Therefore, the viewpointO
of the perspective camera is[xo; 0; zo].

To compute the re�ection, consider a pointB on the cone
surface, and letl be the meridian line throughB : the view-
ing ray at pointB is the line throughB andOl , whereOl

andO are symmetric with respect to the plane¿l tangent
to the cone atl . Indicating by® the semi-aperture angle of
the cone, the coordinates of the re�ected pointOl can be
expressed as a function ofÁ as follows:

Ol = O + 2 ( ~n ¢(B ¡ O)) ~n =

=

2

4
xo

¡
1 + 2 cos2 ®cos2 Á

¢
¡ 2zo cos®sin®cosÁ

2xo cos2 ®sinÁcosÁ ¡ 2zo cos®sin®sinÁ
¡ 2xo cos®sin®cosÁ + zo

¡
1 + 2 sin2 ®

¢

3
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Notice that, letting the meridian linel vary, the locus
of the re�ected pointsOl describes a curve, which is the
caustic of the catadioptric camera. Analyzing the analytical
expression ofOl it can be shown that:

Property 3. The caustic of an off-axis catadioptric camera
based on a conical mirror is a nonplanar curve, unless the
mirror surface is cylindric.

However, the caustic is symmetric with respect to the sym-
metry plane. In addition:

� �

� ��������
�	
��

�

�

�

Figure 1: The plane tangent to the cone at a meridian line

Property 4. The above mentioned¼l throughl andOl are
the only planar viewing surfaces.

Proof. Each ray contained in a planar viewing surface must
go through one of the points on the caustic curve. There-
fore each planar viewing surface must contain all the caustic
points associated to its rays.

By Property 3, the locus of the symmetric pointsOl , i.e.
the caustic curve, is nonplanar. Any planar viewing sur-
face crosses this curve at a �nite number of points. Each of
these points is associated to a set of rays through a single
meridian. Therefore any planar viewing surface can only
cross a �nite number of meridians. On the other hand, the
intersection between a planar viewing surface and the cone
surface must be a continuous (planar) curve: hence, either
it crosses an in�nite number of meridians, or it coincides
with one single meridian. Therefore, since the number of
crossed meridians is actually �nite, the above intersection
can only consist in one single meridian. Hence, any planar
viewing surface must coincide with one of the¿l : in fact,
it can not coincide with a plane throughl different from¿l ,
otherwise there would be two distinct rays re�ected at each
single point ofl .

A further entity, relevant for the sequel, is the intersec-
tion line t l between the planar viewing surface¼l and the
symmetry plane. This line, which is called thetraceof the
meridianl , is the locus of the points where the viewing rays
throughl cross the symmetry plane (see Figure 2).

Observation 1. Each tracet l goes through the cone apex
A.

Observation 2. The tracet l of a meridianl coincides with
the tracet l 0 of the meridianl0 symmetric ofl with respect to
the symmetry plane.
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Figure 2: Planar viewing surface and trace line associated
to a meridian line

As the meridian linel varies, its tracet l varies too:

Lemma 1. Up to symmetry with respect to the symmetry
plane, the traces of distinct meridian lines are distinct.

Proof. A point B on the meridian linel has coordinates

B =

2

4
sin®cosÁ
sin®sinÁ

cos®

3
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The normal~n to the plane¼l throughOl , A, andB is the
cross product~n = Ol £ B . The equation of this plane is:

~n ¢[X; Y; Z ]T = 0

Its intersection with the symmetry planeY = 0 is there-
fore a linear equation inX andZ , obtained by imposing
Y = 0 in the above plane equation. This equation, in fact,
is homogeneous, since the plane goes through the origin
A. Therefore we can compute the expressionZ=X , which
gives the slope of the tracet l :

Z=X = ¡ 2 cosÁ=tan ®+ 3zo=xo

The slope of the trace line is strictly monotonic with
cosÁ: i.e., up to symmetry, distinct meridian lines have dis-
tinct traces.

4. Line localization and ruled quadrics
Properties of ruled quadrics are relevant to the line local-
ization problem. In fact, consider a space lineL , whose
position is unknown, and its image curvec.

From Property 1, given a viewing surface, the line lo-
calization problem has either in�nite solutions or at most

two solutions. In�nite solutions exist, only if the viewing
surface ofL is a ruled quadric. In all other cases, the local-
ization problem admits at most two solutions.

In the sequel we prove a suf�cient condition for the lo-
calization problem to admit at most two solutions, using a
catadioptric camera based on a conical mirror.

Consider a catadioptric camera consisting of a conical
mirror and a perspective camera. LetA be the cone apex,
and let the camera viewpointO be out of the cone axis.

As observed in Section 3.2, the obtained catadioptric
camera is symmetric about the plane containing the cone
axis and the camera viewpointO. This plane is called the
symmetry plane.

Now we state our main result.

Theorem 2. Consider a catadioptric camera, consisting of
a convex conical mirror and a perspective camera placed at
generic relative position: if a space lineL is not contained
in a planar viewing surface, and it crosses the symmetry
plane at a visible point, the localization ofL has at most
two solutions.

Proof. To prove that the localization problem has at most
two solutions, it is suf�cient to prove that the viewing sur-
face ofL is not a ruled quadric.

First, we show that ifL crosses the symmetry plane at a
visible pointV , then the viewing surface ofL can not be a
degenerateruled quadric.

To see this, we notice that the symmetry plane is one of
the planar viewing surfaces, namely the one associated to
the meridian line corresponding toÁ = 0 . By cone con-
vexity and continuity, ifL crosses the symmetry plane at
a visible point, then it also crosses an in�nite set of other
planar viewing surfaces¼l .

Therefore, the viewing rays through different re�ected
points ofL go through different pointsOl . Thus, since the
set of pointsOl is not planar, then the viewing surface ofL
is not planar either. Hence, it can not be a degenerate ruled
quadric.

Now we show that the viewing surface ofL can not be a
nondegenerateruled quadric.

To show this, we prove that the intersection between the
viewing surface ofL and the symmetry plane does not co-
incide with a (nondegenerate or degenerate) conic1.

Notice that this intersection contains at least the viewing
ray through the visible pointV , where the lineL crosses the
symmetry plane. In fact, this ray must be contained in the
symmetry plane.

Since the intersection between the viewing surface and
the symmetry plane contains at least this ray, this intersec-
tion can only be a conic if it is a degenerate conic.

1The intersection between a nondegenerate ruled quadric anda plane
can even be a degenerate conic consisting of two distinct lines
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A degenerate conic can consist in either two lines or a
repeated line. The above intersection can not consist in a
repeated line, otherwise the viewing surface would be a de-
generate ruled quadrics: this contradicts what shown at the
beginning of the proof.

If the intersection between the symmetry plane and the
viewing surface ofL is a degenerate conic consisting of two
lines, these are not skew since they are coplanar. Therefore
they must belong to two distinct family of lines of the ruled
quadric (see Property 2): but, since one of these two lines is
a ray, the second one must be a line crossing all the rays.

Since the lineL crosses the symmetry plane at a visible
point, then, owing to cone convexity and continuity,L also
crosses two planar viewing surfaces¼l and¼l 0, symmetric
with respect to the symmetry plane. LetP andP0 be the
points, whereL crosses¼l and, respectively,¼l 0.

The viewing rays through the pointsP andP0 cross the
symmetry plane at some pointsp andp0: both points belong
to the same tracet l . In fact, by planar symmetry, the traces
t l andt l 0 coincide (see Observation 2).

Two cases are still to be analyzed: a)p = p0, and b)
p 6= p0.

a) If the pointsp and p0 coincide, then the two rays
throughp and, respectively,p0 are not skew. Therefore
the viewing surface can not be a nondegenerate ruled
quadric (see Property 2). Therefore, the casep = p0 is
excluded.

b) If p 6= p0, two viewing rays throughL have been
identi�ed, that cross the symmetry plane at two points
along the tracet l . The intersection between the view-
ing surface ofL and the symmetry plane can only con-
sist of two lines, if any other viewing rayr 00through
L crosses the symmetry plane at a pointp00along the
same tracet l .

Consider a viewing ray through a meridianl00such that
l 6= l00 6= l0: this ray will cross the symmetry plane at a
point p00on the tracet l 00. But p00was required to cross the
symmetry plane at a point ont l . These two requirements
are only compatible, ifp00coincides with the cone apexA
(see Observation 1). This condition implies that the viewing
rays through generic pointsP00of L are not re�ected by the
mirror surface sinceA is not a proper re�ection point

Therefore, the intersection between the viewing surface
of L and the symmetry plane can not be a degenerate conic.
Hence, the viewing surface is not a ruled quadric. Thus, the
viewing surface ofL can contain at most two space lines
other than the viewing rays.

5 Line localization

We describe a method for localizing a straight line from an
image curvec. In order to localize straight lines from a set
of viewing rays associated to the image curve we use a tech-
nique �rst developed by [8] for computer graphics applica-
tion and then used by [9] to perform trajectory triangulation
with a moving camera or multiple cameras. For the reader's
convenience we brie�y illustrate this technique.

To localize a straight line from an image curve, we �rst
consider the viewing raysr 1, r 2, r 3, r 4 associated to four
points ofc.

First two straight lines are determined, that cross these
four rays. This is done through the following procedure:

1. We �nd a relationshipx0
4 = f 0(x1) between the ab-

scissax1 of a pointP1 on r 1 and the abscissax0
4 of

a pointP0
4 on r 4, such that the line joiningP1 andP0

4
also crosses the rayr 2. The pointP0

4 on r 4 is deter-
mined by intersecting the rayr 4 with the plane through
P1 andr 2. From the properties of ruled quadrics, it can
be shown [10] that the relationshipx0

4 = f 0(x1) is in
the formx0

4 = f 0(x1) = ( a0x1 + b0)=(c0x1 + d0).

2. We �nd a relationshipx00
4 = f 00(x1) between the ab-

scissax1 of a pointP1 on r 1 and the abscissax00
4 of a

point P00
4 on r 4, such that the line joiningP1 andP00

4
also crosses the rayr 3. To do this, the pointP00

4 on r 4

is determined by intersecting the rayr 4 with the plane
throughP1 andr 3. The relationshipx00

4 = f 00(x1) is in
the formx00

4 = f 00(x1) = ( a00x1 + b00)=(c00x1 + d00).

3. We �nd a line joining a point onr 1 to a point onr 4,
that crosses bothr 2 and r 3. To do this, we impose
x0

4 = x00
4 : by solving the equationf 0(x1) = f 00(x1) on

the unknown abscissax1. This equation is a two de-
gree equation, yielding two solutions.

4. For each value ofx1 solving the above equation,
the corresponding value ofx4 is computed through
x4 = f 0(x1) (or, equivalently, throughx4 = f 00(x1)).
The corresponding line is the line joining the point of
abscissax1 alongr 1, and the point of abscissax4 along
r 4.

Since the method yields a double solution we use the fol-
lowing procedure to disambiguate between the two possible
solutions. Additional points on the image curvec are con-
sidered, and their viewing rays are determined.

If a signi�cant number of additional viewing rays goes
through (or close enough to) just one of the two above de-
termined lines, then this line is kept as unique solution for
the localization problem.

Otherwise there is no suf�cient evidence to interpret the
image curve as the image of a straight line.
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Figure 3: A catadioptric image used for mirror localization;
the circular base of the mirror (pointed out in red) has been
detected and then localized with respect to the camera, start-
ing from the exact mirror geometry.

6 Preliminary experimental results

Various techniques for the calibration of catadioptric cam-
eras have been suggested [6] [12]. In this preliminary ex-
perimentations, we followed a simple two-step calibration
method: �rst, the intrinsic camera parameters [13] have
been estimated with the Matlab Calibration Toolbox [14].
Then the conic mirror has been localized with respect to
the camera using the circle localization method detailed in
[15]. The outer circular base (see Figure 3) has been de-
tected and the relevant circle is localized with respect to the
camera reference frame. Starting from the elliptical image
of the circle, its interpretation cone is computed; applying
the singular value decomposition to the interpretation cone
matrix, three perpendicular symmetry planes of the inter-
pretation cone are obtained. Then a camera rotation is ap-
plied aligning the camera reference axes to the three inter-
section lines between the symmetry planes of the interpre-
tation cone. Thereafter the image of the circle will be an
ellipse centered on the principal point having its, e.g., major
axis along thex-axis. A further camera rotation transforma-
tion about thex-axis, is applied such that the image of the
circle now appears as a circle. Knowing the intrinsic cam-
era parameters and the size of the mirror (i.e. the radius of
the outer circular base), the entire mirror is easily localized
with respect to the camera.

The accuracy of this localization technique relies on suf-
�cient accuracy of the mirror shape (accuracy speci�cations
are within10¡ 1 mm). Figure 4 shows the result of the mir-
ror localization.

Knowing the orientation of the camera reference frame,
the re�ection laws can be applied to determine the view-
ing ray associated to each image point and carry out the 3D
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Figure 4: Result of the conic mirror localization with re-
spect to the camera. The blue reference frame indicated the
estimated camera pose relative to the mirror.
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Figure 5: A catadioptric image of a straight line (red curve)
lying on a plane perpendicular to the axis of the mirror. The
squares represent the sample image points used to formulate
the localization hypothesis.
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Figure 6: 3D reconstruction of the line depicted in Figure 5:
the red curve on the mirror surface represents the back-
projection of the image curve onto the mirror. The thick
blue line is (a piece of) the reconstructed straight line, ob-
tained following the algorithm described in Section 5. The
red dotted surface is the viewing surface. The straight line
has been reconstructed with a0:5± orientation error, and a
1 cm translational error.

Figure 7: A catadioptric image of a straight line (red curve)
slightly slanted with respect to the plane including the base
of the mirror (about8±).
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Figure 8: 3D reconstruction of the line depicted in Figure 7:
considering the four viewing rays associated to the four se-
lected points, the straight line (the thicker blue line) has
been correctly reconstructed with a3± orientation error, and
a1 cm translational error.
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reconstruction. We have developed a sub-pixel accuracy al-
gorithm for edge extraction based on Gaussian interpola-
tion, which allows to reach an accuracy of one twentieth of
a pixel pixel. For each catadioptric image, contours are ex-
tracted and then segmented by splitting them at corners. In
order to select those image curves that can be interpreted
as images of straight lines, two approaches have been con-
sidered: a) the analytic expression of a generic image of
a straight line is �tted to each image curve and the �tting
residual is evaluated; b) a localization hypothesis is formu-
lated by applying the technique illustrated in Section 5 us-
ing a 4-tuple of viewing rays, and the hypothesis is eval-
uated according to the number of additional viewing rays
compatible with the hypothesis.

In this paper we adopt the second approach.
Some sample experiments are shown in Figure 5 to

Figure 8. Two images are shown in Figure 5, 7; the rel-
evant contours have been extracted. Figure 6, 8 show the
(graphical) results of line reconstruction. The accuracy of
reconstruction has been evaluated by manually measuring
the ground truth pose. The accuracy varies according the
position of the lines: the �rst line in Figure 5 is parallel to
the plane including the base of the mirror and the orien-
tation error is0:5±, while the position error is about1 cm.
The second line in Figure 7 is obtained by slightly tilting the
previous one of about8±: the accuracy of reconstruction in
this case is of about3± and1 cm respectively.

7. Conclusions and future work
A study has been presented on the localization of straight
lines in 3D space from single 2D images, acquired by a
catadioptric camera constituted by a conical mirror plus a
perspective camera placed at a generic position relative to
the mirror. A suf�cient condition has been proved on the
existence of at most two solutions to the line localization.
Preliminary experimental results are also presented. Ongo-
ing research is aimed at correlating the mirror shape to the
localization error for design purpose.
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