Mirr ors in motion: Epipolar geometryand motion estimation
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Abstract

In this paper we considerthe images taken from pairs of
parabolic catadioptric cameas sepaated by discrete mo-
tions. Despitethe nonlinearity of the projectionmodel,the
epipolar geometryarising from sud a systemlike the per
spectivecase can be encodedn a bilinear form, the cata-
dioptric fundamentalmatrix. We showthat all sud matri-
ceshaveequal Lorentziansingularvalues and they de ne
a nine-dimensionafanifoldin thespaceof4 4 matrices.
Furthermog, this manifoldcanbe identi ed with a quotient
of two Lie groups. We presenta methodto estimatea ma-
trix in this space so asto obtainan estimateof the motion.
We showthat the estimationproceduesare robustto modest
deviationsfromtheideal assumptions.

1. Intr oduction

The widespreaduse of omnidirectionalcamerasn panor-
amic visualizationandrobot navigation motivatedmary of
usto explorehow suchsystemsouldbeusedbeyondsimple
displayor localizationfrom vertical edges. For exampleit
hasbeenshavn thatthe classof catadioptricsensorsith a
singleviewpoint[3], i.e., equivalentto a perspectie camera
upto anunknowndistortion,obey a simpleprojectionmodel
[8]. In thismodelwe candescribehe projectionsnducedby
thesecamerasas a compositionof two centralprojections.
The rst is a centralprojectionof the point in spaceto the
spherethe seconds a centralprojectionfrom a point lying
betweerthe spherecenterandits northpoleto aplane.This
modelputstraditionaloff-the-shelfandcatadioptriccameras
in thesamecontext: theformeris justaspecialcasan which
thetwo projectioncenterscoincide.

It haslong beensuspectedandin placesproven,thatin-
creasinghe eld of view improvesthe conditioningof mo-
tion estimation. What elsecanwe expectfrom “mirrors in
motion” regardingmotion estimation?This is the question
we study in this paper A resultingalgorithmwould have
signi cant impact,both on visualizationandnavigation: By
taking few panoramicpictureswith a high resolutioncata-
dioptric device we would be ablenot only to unwarpto ary
direction from the recordingviewpoints but also from ary
otherviewpointup to occlusion.Regardingnavigation,such
an algorithmwould be of greathelpin mapbuilding: ser-
eral scenescans,even obtainedby other sensorsgcould be
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registeredcorrectlyin the samecoordinatesystemif we had
accuratamotionestimates.

Oneof the rst issuesve addresss theappropriateepre-
sentationof imagefeatures.Modelsof catadioptricprojec-
tion are still non-linear so what are ef cient ways of de-
coupling motion and structureestimation? This hasbeen
achievedfor perspectie camerasisinghomogeneousoor
dinates,but what canwe sayin othercases?For parabolic
camerasgoesa spacexist wheretheepipolarconstraintan
be written bilinearly? If so, what are the propertiesof the
bilinear forms andwhatkind of spacedo all suchmatrices
form? Then,how dowe estimateoptimally androbustly?

Recentlywe have beenableto give answerswhich lead
to simple and effective algorithmsin all thesequestions.
In [9, 10] we gave a representatiomf imagefeatureswith
which one can expressthe epipolar constraintand gen-
eralmultiview relationsfor parabolicsystemsaslinear con-
straints. We shaved that the setof transformationf this
featurespaceis the group O(3; 1) of Lorentz transforma-
tions. Furthermorethe left andright nullspacef the new
paraboliccatadioptricfundamentamatrixencodeheintrin-
sic parametersf thetwo camerasothatself-calibratiorre-
ducedo kernelestimation.

In this paperour contritution is in the following points
essentiato estimationin the space®f bilinearconstraints:

A completecharacterizatiowf the paraboliccatadiop-
tric fundamentamatriceds given. It is shavn that,similarto
essentiamatricesfor perspectie camerasall suchbilinear
forms have two equalnon-zeroLorentziansingular values
eventhoughthey areconstraintgor uncalibrateccameras.

Thesetof all of thesefundamentamatricesandin fact
the bilinear constraintfor perspectie camerasaswell, can
beidenti ed with a quotientof Lie groups,whichis known
asahomogeneouspace.In particular the catadioptricun-
damentamatricesform a nine-dimensionammanifoldin the
spaceof 4 4 matrices.

The exponentialmap yields a nowhere-singularand
surjectve parameterizatioof thesematrices.We presenta
correctestimationproces®f the epipolargeometrywhich at
eachstepis restrictedto the manifold.

Demonstrationwith real and simulatedexperiments,
thelatterof whichdemonstratethatthe proposecdstimation
algorithmis robustto modestdeviationsof theassumptions,
suchasmisalignmenbf thecameraandmirror.



Some of theseresults necessitateelementaryconcepts
from differential geometry algebra,and their intersection,
namelythe theoryof Lie groups. We attemptto explain all
of theconceptsalbeitvery brie y, andthereadetis referred
to two highly readablesourceg2, 5].

With regardsto relatedwork, Baker and Nayar[13] de-
scribed all possiblecon gurations of central catadioptric
cameras. Swbodaand Pajdla were the rst to study the
epipolargeometryof centralcatadioptriaddevices[22]. Kang
deviseda non-linearself-calibratioralgorithmfor two views
[15]. We introducedin [9] a bilinear epipolar constraint
for paraboliccameras.Basedon this work Sturm[21] de-
rived linear multiview relationshipamixing perspectie and
paraboliccameras. Simultaneouslyin [10] we introduced
multiview linear constraintsand derived conditionsthat an
arbitrary matrix be a catadioptricfundamentalmatrix. A
non-linearmotion estimationalgorithm hasbeenproposed
for both hyperbolicand parabolicsystemsin [7]. For the
calibratedcase,Gluckmanand Nayar[12] estimatemotion
fromtheoptical o w estimatedn catadioptridmages.Other
calibratedalgorithmsmaking assumptionsaboutthe envi-
ronmentand producedfor visualization can be found in
[23, 1]. Calibratedmotion estimationalgorithmshave been
alsointroducedor non-centratamera$17, 18]. A valuable
resourcdor omnidirectionalision literatureis the book by
BenosmarandKang[4] andthe proceeding®f thethefour
Workshopson OmnidirectionalVision. A useful reference
onstructure-from-motiortanbefoundin [14] and[16].

2. Parabolic catadioptric projections

Supposethat a parabolicmirror is placedabove an ortho-
graphicallyprojectingcameraso thatthe optical axesof the
two areparallel. Suchan optical systemhasa single effec-
tive viewpoint at the focusof the paraboloid.If the calibra-
tion parameterareknown andpreviously takeninto account
thenthe projectioninducedby the combinatiorof themirror
andlenscanbe expressedy the following function which
we call the canonicalparabolic catadioptric projection of
thepointX = (x;y;z;w):
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aX) = > p1 ifx=y=0andz=w> 0 (1)

unde®nedf w = QorX = (0;0;0;1)
In contrastthe canonicalperspectiveprojectionis themap
p(X) = (x;y;2z) unde nedfor X = (0;0;0;1);

wheretherangeis P?, the projectiveplane This canbe ex-
pressedsalinearmapfrom P2 to P? usingthe3 4 canon-
ical perspectivecamera matrix P = (I ; 0); for thenp(X) =
P X . Bothcanonicaprojectiong andg havethesameview-
point, namelytheorigin, expressedsO = (0; 0;0; 1).

Two exceptionsare presentin the de nition of g but
not that of p, let us try to justify them. First, notice that
the denominatorof the rst casein (1) is zeroonly when
the numeratoris also zero. In particular for all points
X = (0;0;z;1) with z > 0. Hence the projectiveplaneis
not a natural representatiorfor parabolic catadioptricim-
ages Insteadwe add a single point, p; , to R?, and call
thisR? or the extendedplane Secondpbsene thatpoints
on oppositesidesof the viewpoint have differentimages,
in particularq(x; y;z;1) 6 q( x; y; z;1). Asacon-
sequenceprojectionsof points on the planeat in nity in
P2 are ambiguoussincetheir “sided-ness'with respectto
the viewpoint is unde ned, i.e., in P? is de ned suchthat
xXy;z;0)=( x; y; z0).

In generalthe paraboliccamerawill be uncalibratecand
the actualinducedprojectionmay differ from the canonical
projectionby sometransformatiork which we assumeon-
sistsof a scaleandtranslation. We will assumehroughout
this paperthatthe skew is zeio andtheaspectatio is one If
(cx; ¢y) is theimagecenterandf is thefocal length,thenk
is of theform:

k(uiv) = (o + fuig + fv) andk(py) = pr @ (2)

Thelatterholdsbecaus¢he pointatin nity is unafectedby
eitherscaleor translation. A generalparaboliccatadioptric
projectioncanbe modeledby a function,g = k q e,
wheree 2 SE (3) accountdor theworld coordinatesystem.

3. Linear projection model

Recallingthatp is the canonicaberspectie projection,con-
siderthefollowing question:

If g = k @, doesthere exist a functionh, inde-
pendenbfk, anda matrix Ak sud thatfor all X,

p(X) = Aih(g(X))? ®3)

In other words, can we embed the uncalibrated two-
dimensionaimageplanein a higherdimensionakpacevia
h, suchthat the resultingimage points are linearly related
to the equivalentperspectie projection? ThoughAg may
be unknovn anddependenbnk, the functionh oughtto be
independentof k andX . If thisweretruethenin ary expres-
sionwherewe would usep(X ), e.g.,theepipolarconstraint,
we could substitutethe right handsideof (3) andAy would
beabsorbednto anylinear constaint.
Wewill demonstrat¢hatfor paraboliccamerasheredoes
exist afamily of Ay 'sandanh. First,leth bede ned by:
h(u;v) = (2u;2v;u?+ v Lu2+vi+ 1)T; (4)
with theexceptionthath(p; ) = (0;0;1;1) = N. Therange
of h is the unit sphereS? in P3, equalto the setof points
p 2 P° satisfyingthe quadraticform: p' Qp = 0 where



Q = diag(1;1;1; 1). In addition,h 'js:, theinversere-
strictedto h'srange s steeagraphicprojection i.e., central
projectionfrom N , thenorthpole. It is nothardto shav that

(h K)(uv) = 20+ fu) 20y +fv)i |

islinearlydependenbnh(u; v). Thus,thereisad4 4 matrix
K, de nedin equation(12) of theappendix suchthat

(h K)(u;v) = Kh(u;v):

In otherwords, the similarity transformatiornk in R? in-
ducesa projective transformationK which preseres S2.
This commutatve relationshipis shovnin Figurel.

(similarity)

Figurel: A similarity or changeof intrinsicscommutesin-
earlywith aprojectivelineartransformatiorwhich preseres
thesphere.

To denotethe applicationof K we write k(X)) = K X.
Now, suppose catadioptrigprojectiong = k @, soe = id;
we canrewrite thecomposition:

h g=h k gq=k% h q;
Obsenethefollowing algebraicderivation:
(P h o(xy;z;1) (P NIxy)=( z+r1)]
pl2(xy;Zz;r)=(r  2)]
p(x;y;2;1);

wherer = P X2+ y2+ 72, Thisprovesthatp h g= p.
Puttingthis equationandequation(5) togethelyields:

p(X) (P h o)(X)
= (p K" Kk h g(x)
= (p K h g(X)
= PK_$h(gX)):
Ax

®)

Thuswe haveveri ed thatequation3) canbesatis edwhen
Ay = PK !andhisde nedin (4). In subsequergections
we will usethefollowing shorthancdhotation:

B = hX):

(6)

4. The epipolar constraint

It is well known thattwo perspectieprojections; = p e;
andf, = p e satisfythefollowing equatiorknown asthe
epipolarconstraint:

f2(X)TEfy(X) = 0; @)

for someessentialmatrix E dependingon the inter-frame

motione, e, '.1fe, e'= g tl,thenE=bR.

Accordingto thelastsectionif gy = ki g e; andg, =

ko q ey, thenthereexistmatriceK ; andK ;, respectiely
dependingnk; andk; suchthat

f1(X) = PK,'Gi(X) andfa(X) = PK, *g2(X)

wherethe operatore is de nedin equation(6). Now substi-
tutetheright handsidesinto equation(7):
A(X)T TPTEPK, 1 Gi(X) = 0: (8
92 |<2 {Z l} gl .

F

ThematrixF is calledthe parabolic catadioptricfundamen-
tal matrix, rst introducedin [9]. Thus,in spiteof the non-

linearity of g, thereis a bilinear constrainton the liftings

of correspondingmagepointsin two paraboliccatadioptric
views.

This matrix de nesthe epipolargeometryfor the pair of
parabolicprojections. For example,the locus of all points
y satisfyingg’ Fe = 0 for ary constantx is an epipolar
circle, andvice versafor all x andary constany. Theequa-
tionsFe = 0 andFTg = 0 eachhave two solutions,and
eachsolutionpair de nes anepipolarpoint pair (e 1; €:2),
equivalentto oneepipolein a perspectieimage.

5. Self-calibration

In general, the transformationsk; and k, are unknown,
thereforewe ask:

Whatinformationaboutk; andk, canbeinferred
fromF ?

We shallshaow thatif k; = k, = k thenundermostcondi-
tionswe caninferk from F .

We begin by examining propertiesof the projective lin-
eartransformatiorspeci ed by thematrix K . Up until now
we have only consideredts effect on pointse lying on the
sphere Clearly, though,it actson all of P3. Let usconsider
its effect ontheorigin O = (0; 0; 0; 1). Usingthede nition
of K found in equation(12), we candirectly calculateits
transformationQ®= K O:

(2c;2c,; G+ G+ 42 L2+ c2+ 4f2+ 1)T: (9)



If cx, ¢y andf areunknavn we cancalculatethemfrom the
point O°. Thus,if we aresomehev ableto determine0® we
cannd K.

We now shaw that O° canbe obtaineddirectly from the
fundamentamatrix. To begin with, sinceO is theviewpoint
of the canonicalperspectie projection,it satis esP O = 0.
Thereforejf O; = K1 O, then

FO;, = K,"PTE PK,'K;0 = 0:
Similarly, FTO, = 0 whereO, = K, O. Consequently
O; 2 N(F) andO, 2 N(FT), whereN (F) denoteshe
nullspaceof F. The fundamentamatrix, however, is rank
two andthereforeits nullspacesaretwo-dimensional . Thus
neitherO; nor O, areuniquelyde ned by theseconditions.
Yet, if it is known a priori thatK ; = K2, then

O1= 0, 2 N(F)\ N(FT):

ProvidedN (E) 6 N (ET), theintersectioris a singlepoint
in P* andwe canuniquelyrecover ¢, ¢, andf . It canbe
shawvn thatthe nullspacesoincideonly whenR't = t, i.e.,
theaxisof rotationis aboutthedirectionof translation.

6. The Lorentz group

ThematrixK , de ned in equation(12) of theappendixcan
beshown to satisfyK TQK = Q. If p°= K p for ary point

suchthatp” Qp = 0, thenapparently® Qp®= 0. In other
words K preseres point-wisethe unit sphere. Thereare,
however, mary more matricesA which arenotin the form

givenin equation(12) but which do satisfy AT QA = Q.

In fact like the set of matricessatisfyingATA = 1|, i.e.,

the orthogonalgroup, the set of all matricesA satisfying
ATQA = Qs aLie group,i.e., a groupwhoseelements
form amanifold. This groupis calledthe Lorentzgroupand
is denotedby O(3;1). The (3;1) denoteshe fact thatthe
diagonalof Q consistsof three+1'sandone 1, andthere
is astudyof moregeneragroupsO(p; q).

The structureof a matrix Lie groupis determinedy the
possiblederivatives of curves throughthe identity matrix.
Supposehat A(t) is a curve restrictedto O(3; 1) suchthat
A(0) = |. Thenits derivativeatt = 0 satis es:

A%0)"Q+ QA%0) = oO:
Thederivative is thereforeof theform

R
AN = 3= L)

(10)
for somex; y 2 R3, andthereforethe Lorentzgroupis six-
dimensional.We let so(3; 1) bethe setof all suchmatrices.
It canbe shavn thatif X 2 so(3;1), thene* 2 O(3;1),
whereeX = | + X + X?=2+ . A closed-formfor-
mula,analogougo Rodrigues'formulafor skew-symmetric

matricesjs givenin equationof theappendix .t is provenin
[2] thateX is surjective on the connecteccomponenbf the
identityin O(3; 1).

Looking backatK , noticethatthe setof all K ascy, ¢y
andf vary over all real numberswith f > 0, is a three-
dimensional.ie subgroupof O(3; 1). We shalldenoteby K
the setof all suchmatricesandcall it the calibration sub-
group (for parabolicprojections).It canbe shavn thatwhen
K 2 0(3;1),K 2 Kif andonlyif Kp; = p; .

This demonstrateshat a subgroupof O(3;1) is rele-
vantto calibration,what, though,are the effects of the re-
mainingLorentztransformationst canbe shavn thatary
A 2 O(3; 1) hasthefollowing uniqguedecomposition:

A =

g K whereR 2 O(3) andK 2 K:

= O

The rst partof the decompositiorhasthe effect of rotating
the sphereaboutthe origin, andis thereforeequialentto
a purerotation of the scene.Consequenthary elementof
theLorentzgroupis auniquelyfactorablecompositionof an
elemenbf K, which accountdor theintrinsic parametersf
thecameraandanelementof O(3), which accountgor the
rotationof thescene.

7. Propertiesof the fundamental matrix

We areinterestedn the following questionnot resohed in
[10]:

Underwhatcondition(s)is anarbitrary4 4 ma-
trix a parabolic fundamentamatrix?

Recallthatif we let E bethe setof perspectie fundamental
matrices,thenE 2 E if andonly if E hasequalsingular
valuesij.e.,for someU;V 2 O(3), E = UT diag(1;1;0)V.

Letusdenoteby F thesetof all paraboliccatadioptridunda-
mentalmatrices.Thefollowing theoremoffersananalogous
characterizationfarny F 2 F.

Theorem 1. A matrix F canbe decomposednto the
form de nedin equation(8) if andonlyif thereexist ma-
tricesU;V 2 O(3; 1) suchthat

F = UTdiag(1;1;0;0)V: (11)
Moreover, a decompositiorcan be found whereK ; =
K, onlyif det(F + FT) = 0.

In otherwordsthe Lorentziansingularvaluedecomposi-
tion of F musthave equalLorentziansingularvalues. This
holdseventhoughF is abilinearconstrainfor uncalibrated
camerasOnemistale thatshouldnot be madeis thatanor-
thogonalprojectionto F will not be obtainedby averaging
the Lorentziansingular values for the Frobeniusdistance
betweenthe original matrix andthe projectedone will not



be minimized. Unfortunatelythis doesnot answerthe ques-
tion of optimalprojection.

Becauseof spaceconstraintsye give only an outline of
a proof. The forwardis trivial becausehe K ;'s absorbthe
rotationsof the singularvalue decompositiorof E, leaving
elementof O(3; 1). Thereversereliesonthedecomposition
of theelementU 2 O(3;1) into U = RK whereK 2 K
andR 2 O(3), statedin the previoussection.Notethatthis
theoremcanbe mademorespeci ¢ andrestrictU andV to
lie in O(3;1)o, the connectedcomponenbf theidentity.

8. Global characteristicsof F

Finally we considetthefollowing questions:

Whatis thestructue of the setof all parabolicfun-
damentalmatrices?If it is a manifoldwhatis its
dimension?

To begin with we malke the following obsenationwhich is
acorollaryof Theoreml: F 2 F if andonlyif ATF 2 F
forany A 2 O(3; 1)o. In otherwords,F is closedunderleft
multiplication by elementsof O(3; 1)g. Similarly F 2 F if
andonly if FA 2 F. Consequentlyelementsf the group
G= 0(3;1)y 0O(3;1)y actuponelementf F viaamap
' in thefollowing way:
" (A AR F) = AJFA;:

Theoreml guaranteeshattherange' (G, Fo) F. Now
supposdhatg = (G1;G2), h = (Hi;H2) ande = (1;1).
The map' satises' (e;F) = F and' (g h;F) =
" (g;' (h;F)), whereg h = (GiHj;G2H32). Any such
functionis known asagroupaction

Whatmight this have to do with the structureof F ? For
example,it is clearlynotagroup,but thegroupG actsonit.
We startby notingthat' , andthereforeG, canbeusedto pa-
rameterizd-. If ' (G, Fo) = F, for ary constant, in other
wordsis surjectvein F, then' ( ; Fo) is aparameterization
of F. Thisis alsoa corollaryof Theoreml, for if

Fi:O;l = UiT Vi then' (UO lUl;Vo lvl);Fo = Fq;

where = diag(l;1;0;0). So," (;Fo) issurjectvein F.

If it werethe casethat' ¢, = ' (;Fo) provideda one-
to-onemappingbetweenG andF , thenit would show that
F isagroupsince' g, would beanisomorphismHowever,
' £, IS notone-to-ondn this case. What, though,is the re-
dundang in its parameterizationf F ? Considerthe setof
elementdor which' g, = Fo, i.e.,

He, = fg2G:' (g;Fo) = Fog G

Sinceit is closedundercompositionandinversion,andpre-
senesky, it is calledtheisotropy subgoupof Fo. Further
more,it canbeshavn thatit is a3-dimensional.ie subgroup.

Now we malke the following claim. The left cosetsof
He,, i.e.,, gHg, = fgh : h 2 Hg,g, arein one-to-one
correspondencwith the elementof F. ThusF is equiv-
alentto the quotientspaceG=H, , the quotientspacebeing
the partition of G into the pairwisedisjoint left cosets. To
prove this claim onemustshaw that'eg, (gHg,) = ' £, (gh)
is constantfor all h 2 Hg,, andtherefore'eg, (gHE,) is
well-de ned; thenwe mustshaw that'eg, is injective. Both
propertiesfollow from the propertiesof the groupaction'
or cosets.

A theoremof differential geometry see[5] for exam-
ple, statesthat the quotientof a Lie group G andsomeLie
subgroupH is a manifold of dimensiondimmG dimH.
This andtheargumentsabove justify thefollowing theorem.
Sinceall of the precedingargumentsapply equallywell to
essentiamatriceswe canalsoobtainananalogousesult.

Theorem 2. The setof paraboliccatadioptridundamen
tal matricesis equalto a quotientof Lie groups:

0(3;1) O(3;1)=He,;

whereH g, is theisotropy subgroumfary Fo 2 F. Con-
sequentlyF is a nine-dimensionamanifold. Similarly,
thesetof essentiamatricesE is givenby:

F =

E = 0B O@3)=Hg,;

whereHg, istheisotropy subgroupfany Eq 2 Ein the
context of thenaturalaction' : O(3) 0O(3) E! E

9. Epipolar geometryestimation

Now thattheepipolarconstrainis shavnto bebilinearin the
liftings of the correspondingpoints,mostof the perspectie
algorithmsfor motion estimationapply. The mostimpor-

tantdifferenceis, sofar, the absencef a linear orthogonal
projectionto F. We are not yet aware of a linear 9-point
algorithm. However, supposing (pi; G)g1 i ~ is asetof

point correspondencesye canminimize, in the usualway,

the Sampsorapproximatiorto the geometricerror[19]:

fThbf
_, TTAATT

X TFq ° X
E(F) = R 5 =

. @ T
=1 @pi :Qi)pi Faq

wherely = p and

A= B, @ B, @ B 6§, B 6,

Thenotationsg, andp, respectiely denotepartialdifferen-
tial of h with respecto u andv, evaluatedatp = (uo; Vo).

Themap' g, corvenientlyprovidesuswith a globaland
nowhere-singulathoughredundantparameterizatioof F .
Wedene f,:R¥! F givenby:

. T .
Fo(X13Y1X23Y2) = €0V g etz ;



Figure2: Estimationof the epipolargeometryfoundby minimizing the Sampsorerror. Eachgreenline is theepipolarcircle
determinedrom the pointin the otherframe,hencethe pointsdo notlie exactly onthe epipolarcircles. The epipolarcircle
correspondindo a givenpointis highlightedin the region of the point. Note thatin paraboliccatadioptridmagesthereare
alwaystwo epipolespresentn the image. The light purplecircle encodeghe intrinsic parametersits centeris the image

centerandits radiusis twice thefocal length,it hasbeenfoundby choosingthe leastsingularvalueof (F; F T)T.

where L is dened in (10). Equation (13) gives an
explicit formula for the exponential map. If p =
(X1;Y1;X2;Y2), then we can directly calculatethe Jaco-
bianJ = @@E( r,(p)) andthel2 12 HessianH =
@=@°E( r,(p)) usingtheapproximatiore® = 1 + X.

Algorithm 1. (Motion estimation)

1. Obtainaninitial estimately by guessingpoor) cali-
brationmatricesK ; andK ,, andestimatingan essentia
matrix Eo. ThenFo = K, "PTEPK, .

2. With theinitial estimateminimizethefunctionE (F)
using Levenbeg-Marquard by explicitly calculatingJ
andH . LetF bethe nal local minimum.

3. If it is assumedhatK; = K, thenthe leastsingu-
lar vectorof (F;FT) is an estimateof the vectorO° in
equation(9), wherebywe canestimatec,, ¢, andf and
consequentlK .

4.E = PKTFKPT is anestimateof the essentiama-
trix which can be factoredto obtain four possiblemo-
tions. Only oneleadsto a consistenteconstruction.

We have implementedhis algorithmandtestedt usingfea-
turesobtainedfrom anautomatigpointtracker [20]. Thees-
timatedepipolargeometryis showvn in Figure?2. In Figure3
we show threeimagestheleft andright of which arerecti -
cationsof theimagesof Figure2. We lack the spacehereto
describeherecti cation in this paper exceptto saythatit is
conformalandsolocally thereis nodistortion;it is described
in [11]. Usingthedisparityestimatedvith asterecalgorithm
we shaw in themiddleimageawarpingof therightimageto
matchtheleft image.

10. Model deviations

We have, until now, assumedhat the projectionmodelis
ideal, that the camerais exactly orthographicand that the
mirror is alignedandhasthe shapeof a paraboloid.In this
sectionwe examinethroughsimulationthe effectsthat de-
viations from theseassumptiondiave on the estimationof
the motion. Whenthesedeviationsoccur, thereis no closed
form solutionfor theprojectionof apointin spaceHencejn
thesimulationsto calculatethe projectionof a pointwe use
theprinciple of leastactionin which theimageof a pointin
spaces determinedrom the pathwith the shortesdistance
from thatpointto thefocusof the camera.

We now describefour simulationsin which a single pa-
rameteris varied and errorsin rotation and translationare
shawn. In Figure4 aregraphsof theerrorin translationand
rotationasa functionof theindependentariable. Theerror
in rotationequalsk log RR, *k whereR andR, arethe esti-
matedandtruerotationsrespectrely. Theerrorin translation
is similarly cos * {7 to, wheref*andt, arethe estimatecand
truetranslationsespectiely. Fromleft to rightin Figure4:

A perspectie camerawith focal length 20 timesthe
focal length of the mirror. The optical axesremainparallel
but aredisplaceda distancex lying between0:5 to 3 times
themirror'sfocal length.

An orthographiccameraanda mirror which is rotated
atangleof aboutits focus,where0 5.

A perspectie camera,with optical axis alignedwith
mirror, andwheretheratio of thedistancebetweerthemir-
ror focusand cameraocusto the mirror focal lengthvaries
betweernl (orthographichnd13.



Figure3: Left: Recti cation of left imagein Figure2. Middle: Warpingof right recti cation to left usingestimatedisparity

Right: Recti cation of rightimagein Figure2.

An orthographiaccameraanda mirror whoseeccentric-
ity " variesfrom 0:9to 1:1 (1 is aparaboloid).

We nd thatthe motionestimationalgorithmis robustto
modestdeviations from the ideal assumptions.It appears
thatthe usageof a perspectie camerahaslittle effectonthe
resultsthoughthereis a greatereffectif theopticalaxesare
notaligned.

11.Conclusion

In conclusionwe have presentedh framework for structure
from motion for paraboliccatadioptricsystems.The meth-
odspresentedormulatethe structurefrom motionin a way
which linearly decoupleshe structureand the motion de-
spitea non-linearprojectionmodel. We demonstrated¢bcal
andglobalpropertiesof the manifold of fundamentamatri-
cesandthe formulation of the setasa quotientof groups,
andwhich hasgivenusinsightinto the perspectie case We
proposenalgorithmfor estimatiorof theepipolargeometry
which minimizeson the nine-dimensionamanifold of fun-
damentamatrices.Finally, we have shovn thatthesealgo-

rithmsarerobustto smalldeviationsfrom idealassumptions.

We hopeto addressomeof thefollowing problemsaris-
ing out of this work:
Estimationalgorithms. Ideally we would liketo nd linear
algorithmsfor estimationof fundamentamatrices.Another
issueis that the decreasedesolutionper viewing angleef-
fectively decreasethe magnitudeof the baselinetherefore
algorithmsrobustto smallbaselineshouldbe addressed.

Harmonic analysis. We believe one of the mostimportant
contrikutionsof this paperis thecharacterizationf thesetof
bilinearformsasa quotientspaceof Lie groups.Becausef
their symmetryit is possibleto de ne the Fouriertransform
of functionson suchspaces.ls it possibleto combineele-
mentsof structure-from-motionwith methodsn signalpro-
cessing?

Control on F . Control hasbeeninvestigatedon quotient
spacese.g.[6], cantheseideasbe extendedo visualseno-
ing directly onthe quotientspacd- ?
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Appendix

First we give the matrix K dependingon the intrinsic parametes
Cx, Gy andf :

0

2 0 2f o 2f ¢

B o o 2f ¢, 2f ¢, §

KZ@ o o 1 ¢ G+f2 1+c+c 2K 012
2

2

&« ¢ 1 & ¢ f? 1+ci+c+f?

Secondvegivetheanalay to Rodriguesformulafor matricesA 2
so(3; 1):

eA — 2 sinh 1 1 sinh o A3+ cosh 1 cosh » A2+
- - 2z 2z
v2(f %) T2
gsinh 1+Z %Zinh 2 A %cosh 21+ z% cosh 2 |- (13)
1 2( 1 z) 1
whee f 1; 1; 2; 20 are the eigervaluesof A. If A has

two zeo eigervalues,thenthere is a simplerform resemblingRo-
drigues'formulawhich we leaveto thereader
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