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Abstract

In this paper we considerthe images taken from pairs of
parabolic catadioptric cameras separated by discrete mo-
tions. Despitethenonlinearityof the projectionmodel,the
epipolargeometryarising from such a system,like theper-
spectivecase, can be encodedin a bilinear form, the cata-
dioptric fundamentalmatrix. We showthat all such matri-
ceshaveequalLorentziansingularvalues, and they de�ne
a nine-dimensionalmanifoldin thespaceof 4 � 4 matrices.
Furthermore, this manifoldcanbeidenti�ed with a quotient
of two Lie groups. We presenta methodto estimatea ma-
trix in this space, soas to obtainan estimateof themotion.
Weshowthat theestimationproceduresarerobustto modest
deviationsfromtheidealassumptions.

1. Intr oduction

The widespreaduseof omnidirectionalcamerasin panor-
amic visualizationandrobot navigation motivatedmany of
usto explorehow suchsystemscouldbeusedbeyondsimple
displayor localizationfrom vertical edges.For exampleit
hasbeenshown that theclassof catadioptricsensorswith a
singleviewpoint [3], i.e.,equivalentto a perspectivecamera
upto anunknowndistortion,obey asimpleprojectionmodel
[8]. In thismodelwecandescribetheprojectionsinducedby
thesecamerasasa compositionof two centralprojections.
The �rst is a centralprojectionof the point in spaceto the
sphere;thesecondis a centralprojectionfrom a point lying
betweenthespherecenterandits northpoleto a plane.This
modelputstraditionaloff-the-shelfandcatadioptriccameras
in thesamecontext: theformeris justaspecialcasein which
thetwo projectioncenterscoincide.

It haslong beensuspected,andin placesproven,that in-
creasingthe�eld of view improvestheconditioningof mo-
tion estimation.What elsecanwe expectfrom “mirrors in
motion” regardingmotion estimation?This is the question
we study in this paper. A resultingalgorithm would have
signi�cant impact,bothon visualizationandnavigation: By
taking few panoramicpictureswith a high resolutioncata-
dioptric device we would beablenot only to unwarpto any
direction from the recordingviewpointsbut also from any
otherviewpointup to occlusion.Regardingnavigation,such
an algorithmwould be of greathelp in mapbuilding: sev-
eral scenescans,even obtainedby othersensors,could be

registeredcorrectlyin thesamecoordinatesystemif we had
accuratemotionestimates.

Oneof the�rst issuesweaddressis theappropriaterepre-
sentationof imagefeatures.Modelsof catadioptricprojec-
tion are still non-linear, so what are ef�cient ways of de-
coupling motion and structureestimation? This hasbeen
achievedfor perspective camerasusinghomogeneouscoor-
dinates,but what canwe sayin othercases?For parabolic
cameras,doesaspaceexist wheretheepipolarconstraintcan
be written bilinearly? If so, what are the propertiesof the
bilinear forms andwhat kind of spacedo all suchmatrices
form? Then,how dowe estimateoptimallyandrobustly?

Recentlywe have beenableto give answerswhich lead
to simple and effective algorithmsin all thesequestions.
In [9, 10] we gave a representationof imagefeatureswith
which one can express the epipolar constraintand gen-
eralmultiview relationsfor parabolicsystemsaslinearcon-
straints. We showed that the setof transformationsof this
featurespaceis the group O(3; 1) of Lorentz transforma-
tions. Furthermore,the left andright nullspacesof thenew
paraboliccatadioptricfundamentalmatrixencodetheintrin-
sicparametersof thetwo camerassothatself-calibrationre-
ducesto kernelestimation.

In this paperour contribution is in the following points
essentialto estimationin thespacesof bilinearconstraints:

� A completecharacterizationof theparaboliccatadiop-
tric fundamentalmatricesis given.It is shownthat,similarto
essentialmatricesfor perspective cameras,all suchbilinear
forms have two equalnon-zeroLorentziansingular values,
eventhoughthey areconstraintsfor uncalibratedcameras.

� Thesetof all of thesefundamentalmatrices,andin fact
thebilinearconstraintsfor perspective camerasaswell, can
beidenti�ed with a quotientof Lie groups,which is known
asa homogeneousspace.In particular, thecatadioptricfun-
damentalmatricesform a nine-dimensionalmanifold in the
spaceof 4 � 4 matrices.

� The exponentialmap yields a nowhere-singularand
surjective parameterizationof thesematrices.We presenta
correctestimationprocessof theepipolargeometrywhichat
eachstepis restrictedto themanifold.

� Demonstrationwith real and simulatedexperiments,
thelatterof whichdemonstratesthattheproposedestimation
algorithmis robustto modestdeviationsof theassumptions,
suchasmisalignmentof thecameraandmirror.



Someof theseresultsnecessitateelementaryconcepts
from differential geometry, algebra,and their intersection,
namelythe theoryof Lie groups.We attemptto explain all
of theconcepts,albeitverybrie�y , andthereaderis referred
to two highly readablesources[2, 5].

With regardsto relatedwork, Baker andNayar [13] de-
scribed all possiblecon�gurations of central catadioptric
cameras. Svobodaand Pajdla were the �rst to study the
epipolargeometryof centralcatadioptricdevices[22]. Kang
devisedanon-linearself-calibrationalgorithmfor two views
[15]. We introducedin [9] a bilinear epipolar constraint
for paraboliccameras.Basedon this work Sturm[21] de-
rived linear multiview relationshipsmixing perspective and
paraboliccameras. Simultaneouslyin [10] we introduced
multiview linear constraintsandderived conditionsthat an
arbitrary matrix be a catadioptricfundamentalmatrix. A
non-linearmotion estimationalgorithmhasbeenproposed
for both hyperbolicand parabolicsystemsin [7]. For the
calibratedcase,GluckmanandNayar[12] estimatemotion
from theoptical�o w estimatedin catadioptricimages.Other
calibratedalgorithmsmaking assumptionsabout the envi-
ronmentand producedfor visualizationcan be found in
[23, 1]. Calibratedmotionestimationalgorithmshave been
alsointroducedfor non-centralcameras[17, 18]. A valuable
resourcefor omnidirectionalvision literatureis thebookby
BenosmanandKang[4] andtheproceedingsof thethefour
Workshopson OmnidirectionalVision. A useful reference
onstructure-from-motioncanbefoundin [14] and[16].

2. Parabolic catadioptric projections

Supposethat a parabolicmirror is placedabove an ortho-
graphicallyprojectingcamerasothattheopticalaxesof the
two areparallel. Suchan optical systemhasa singleeffec-
tive viewpoint at the focusof theparaboloid.If thecalibra-
tion parametersareknown andpreviouslytakeninto account
thentheprojectioninducedby thecombinationof themirror
andlenscanbe expressedby the following function which
we call the canonicalparabolic catadioptric projection of
thepointX = (x; y; z; w):

q(X ) =

8
><

>:

(x;y )

� z+sign w
p

x 2 + y 2 + z2

p1 if x = y = 0 andz=w > 0
unde®nedif w = 0 or X = (0; 0; 0; 1)

(1)

In contrast,thecanonicalperspectiveprojectionis themap

p(X ) = (x; y; z) unde�nedfor X = (0; 0; 0; 1) ;

wheretherangeis P2, theprojectiveplane. This canbeex-
pressedasalinearmapfrom P3 to P2 usingthe3� 4 canon-
ical perspectivecamera matrixP = (I ; 0); for thenp(X ) =
P X . Bothcanonicalprojectionsp andqhavethesameview-
point,namelytheorigin, expressedasO = (0; 0; 0; 1).

Two exceptionsare presentin the de�nition of q but
not that of p, let us try to justify them. First, notice that
the denominatorof the �rst casein (1) is zero only when
the numeratoris also zero. In particular, for all points
X = (0; 0; z; 1) with z > 0. Hence,theprojectiveplaneis
not a natural representationfor parabolic catadioptric im-
ages. Insteadwe add a single point, p1 , to R2, and call
this R2� or theextendedplane. Second,observe thatpoints
on oppositesidesof the viewpoint have different images,
in particularq(x; y; z; 1) 6= q(� x; � y; � z; 1). As a con-
sequence,projectionsof points on the planeat in�nity in
P3 are ambiguoussincetheir “sided-ness”with respectto
the viewpoint is unde�ned, i.e., in P3 is de�ned suchthat
(x; y; z; 0) = (� x; � y; � z; 0).

In general,theparaboliccamerawill beuncalibratedand
theactualinducedprojectionmaydiffer from thecanonical
projectionby sometransformationk which we assumecon-
sistsof a scaleandtranslation.We will assumethroughout
thispaperthat theskew is zero andtheaspectratio is one. If
(cx ; cy ) is the imagecenterandf is thefocal length,thenk
is of theform:

k(u; v) = (cx + f u; cy + f v) and k(p1 ) = p1 : (2)

Thelatterholdsbecausethepointat in�nity is unaffectedby
eitherscaleor translation.A generalparaboliccatadioptric
projectioncanbe modeledby a function, g = k � q � e,
wheree 2 SE(3) accountsfor theworld coordinatesystem.

3. Linear projection model

Recallingthatp is thecanonicalperspectiveprojection,con-
siderthefollowing question:

If g = k � q, doesthere exist a functionh, inde-
pendentof k, anda matrixAk such that for all X ,

p(X ) = Ak h( g(X ) ) ? (3)

In other words, can we embed the uncalibrated, two-
dimensionalimageplanein a higherdimensionalspacevia
h, suchthat the resultingimagepointsare linearly related
to the equivalentperspective projection? ThoughAk may
beunknown anddependenton k, thefunctionh oughtto be
independentof k andX . If thisweretruethenin any expres-
sionwherewewouldusep(X ), e.g.,theepipolarconstraint,
we couldsubstitutetheright handsideof (3) andAk would
beabsorbedinto anylinear constraint.

Wewill demonstratethatfor paraboliccamerastheredoes
exist a family of Ak 's andanh. First, let h bede�ned by:

h(u; v) = (2u; 2v; u2 + v2 � 1; u2 + v2 + 1)T ; (4)

with theexceptionthath(p1 ) = (0; 0; 1; 1) = N . Therange
of h is the unit sphereS2 in P3, equalto the setof points
p 2 P3 satisfyingthe quadraticform: pT Qp = 0 where



Q = diag(1; 1; 1; � 1). In addition,h� 1jS2 , the inversere-
strictedto h's range,is stereographicprojection, i.e.,central
projectionfrom N , thenorthpole. It is nothardto show that

(h � k)(u; v) =
�
2(cx + f u); 2(cy + f v); : : :

� T
;

is linearlydependentonh(u; v). Thus,thereis a4� 4 matrix
K , de�ned in equation(12)of theappendix,suchthat

(h � k)(u; v) = K h(u; v) :

In other words, the similarity transformationk in R2� in-
ducesa projective transformationK which preserves S2.
Thiscommutativerelationshipis shown in Figure1.
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Figure1: A similarity or changeof intrinsicscommuteslin-
earlywith aprojectivelineartransformationwhichpreserves
thesphere.

To denotetheapplicationof K we write k0(X ) = K X .
Now, supposeacatadioptricprojectiong = k � q, soe = id;
wecanrewrite thecomposition:

h � g = h � k � q = k0 � h � q; (5)

Observethefollowing algebraicderivation:

(p � h � q)(x; y; z; 1) = (p � h) [(x; y)=(� z + r )]

= p [2(x; y; z; r )=(r � z)]

= p(x; y; z; 1) ;

wherer =
p

x2 + y2 + z2. This provesthatp � h � q = p.
Puttingthis equationandequation(5) togetheryields:

p(X ) = (p � h � q)(X )

= (p � k0� 1 � k0 � h � q)(X )

= (p � k0� 1 � h � g)(X )

= P K � 1
| {z }

A k

h(g(X )) :

Thuswehaveveri�ed thatequation(3) canbesatis�edwhen
Ak = PK � 1 andh is de�ned in (4). In subsequentsections
wewill usethefollowing shorthandnotation:

ex = h(x) : (6)

4. The epipolar constraint

It is well known thattwo perspectiveprojectionsf 1 = p� e1

andf 2 = p � e2 satisfythefollowing equationknown asthe
epipolarconstraint:

f 2(X )T E f 1(X ) = 0; (7)

for someessentialmatrix E dependingon the inter-frame

motione2 � e� 1
1 . If e2 � e� 1

1 =
�

R t
0 1

�
, thenE = btR.

Accordingto thelastsection,if g1 = k1 � q� e1 andg2 =
k2 � q� e2, thenthereexist matricesK 1 andK 2, respectively
dependingonk1 andk2 suchthat

f 1(X ) = P K � 1
1 ĝ1(X ) and f 2(X ) = P K � 1

2 ĝ2(X )

wheretheoperatore� is de�ned in equation(6). Now substi-
tutetheright handsidesinto equation(7):

ĝ2(X )
T

K � T
2 PT E P K � 1

1| {z }
F

ĝ1(X ) = 0: (8)

ThematrixF is calledtheparaboliccatadioptricfundamen-
tal matrix, �rst introducedin [9]. Thus,in spiteof thenon-
linearity of q, there is a bilinear constrainton the liftings
of correspondingimagepointsin two paraboliccatadioptric
views.

This matrix de�nes theepipolargeometryfor thepair of
parabolicprojections. For example,the locusof all points
y satisfyingeyT F ex = 0 for any constantx is an epipolar
circle, andviceversafor all x andany constanty. Theequa-
tions F ex = 0 andF T ey = 0 eachhave two solutions,and
eachsolutionpair de�nes anepipolarpoint pair (ei; 1; ei; 2),
equivalentto oneepipolein aperspective image.

5. Self-calibration

In general, the transformationsk1 and k2 are unknown,
thereforewe ask:

Whatinformationaboutk1 andk2 canbeinferred
fromF ?

We shall show that if k1 = k2 = k thenundermostcondi-
tionswe caninfer k from F .

We begin by examiningpropertiesof the projective lin-
eartransformationspeci�edby thematrix K . Up until now
we have only consideredits effect on pointsex lying on the
sphere.Clearly, though,it actson all of P3. Let usconsider
its effect on theorigin O = (0; 0; 0; 1). Usingthede�nition
of K found in equation(12), we can directly calculateits
transformation,O0 = K O:

(2cx ; 2cy ; c2
x + c2

y + 4f 2 � 1; c2
x + c2

y + 4f 2 + 1)T : (9)



If cx , cy andf areunknown we cancalculatethemfrom the
pointO0. Thus,if wearesomehow ableto determineO0, we
can�nd K .

We now show that O0 canbe obtaineddirectly from the
fundamentalmatrix. To begin with, sinceO is theviewpoint
of thecanonicalperspectiveprojection,it satis�esP O = 0.
Therefore,if O1 = K 1 O, then

F O1 = K � T
2 PT E

�
P K � 1

1 K 1 O
�

= 0:

Similarly, F T O2 = 0 whereO2 = K 2 O. Consequently
O1 2 N (F ) andO2 2 N (F T ), whereN (F ) denotesthe
nullspaceof F . The fundamentalmatrix, however, is rank
two andthereforeits nullspacesaretwo-dimensional.Thus
neitherO1 nor O2 areuniquelyde�ned by theseconditions.
Yet, if it is known a priori thatK 1 = K 2, then

O1 = O2 2 N (F ) \ N (F T ) :

ProvidedN (E) 6= N (E T ), theintersectionis a singlepoint
in P3 andwe canuniquelyrecover cx , cy andf . It canbe
shown that thenullspacescoincideonly whenR t = t, i.e.,
theaxisof rotationis aboutthedirectionof translation.

6. The Lorentzgroup

Thematrix K , de�ned in equation(12) of theappendix,can
beshown to satisfyK T QK = Q. If p0 = K p for any point
suchthatpT Qp = 0, thenapparentlyp0T Qp0 = 0. In other
words K preservespoint-wisethe unit sphere. Thereare,
however, many morematricesA which arenot in the form
given in equation(12) but which do satisfyAT QA = Q.
In fact like the set of matricessatisfyingAT A = I , i.e.,
the orthogonalgroup, the set of all matricesA satisfying
AT QA = Q is a Lie group, i.e., a groupwhoseelements
form a manifold.This groupis calledtheLorentzgroupand
is denotedby O(3; 1). The (3; 1) denotesthe fact that the
diagonalof Q consistsof three+1 's andone� 1, andthere
is astudyof moregeneralgroupsO(p;q).

Thestructureof a matrix Lie groupis determinedby the
possiblederivatives of curves throughthe identity matrix.
Supposethat A(t) is a curve restrictedto O(3; 1) suchthat
A(0) = I . Thenits derivativeat t = 0 satis�es:

A0(0)T Q + QA0(0) = 0:

Thederivative is thereforeof theform

A0(0) =
�

x̂ y
yT 0

�
= L (x; y) ; (10)

for somex; y 2 R3, andthereforetheLorentzgroupis six-
dimensional.We let so(3; 1) bethesetof all suchmatrices.
It canbe shown that if X 2 so(3; 1), theneX 2 O(3; 1),
whereeX = I + X + X 2=2 + � � � . A closed-formfor-
mula,analogousto Rodrigues'formulafor skew-symmetric

matrices,is givenin equationof theappendix.It is provenin
[2] thateX is surjective on theconnectedcomponentof the
identity in O(3; 1).

Looking backat K , noticethat thesetof all K ascx , cy

and f vary over all real numbers,with f > 0, is a three-
dimensionalLie subgroupof O(3; 1). We shalldenoteby K
the setof all suchmatricesandcall it the calibration sub-
group(for parabolicprojections).It canbeshown thatwhen
K 2 O(3; 1), K 2 K if andonly if K p1 = p1 .

This demonstratesthat a subgroupof O(3; 1) is rele-
vant to calibration,what, though,are the effectsof the re-
mainingLorentztransformations?It canbeshown thatany
A 2 O(3; 1) hasthefollowing uniquedecomposition:

A =
�

R 0
0 1

�
K whereR 2 O(3) and K 2 K :

The�rst partof thedecompositionhastheeffect of rotating
the sphereabout the origin, and is thereforeequivalent to
a purerotationof the scene.Consequentlyany elementof
theLorentzgroupis auniquelyfactorablecompositionof an
elementof K, whichaccountsfor theintrinsicparametersof
thecamera,andanelementof O(3), which accountsfor the
rotationof thescene.

7. Propertiesof the fundamental matrix

We areinterestedin the following questionnot resolved in
[10]:

Underwhatcondition(s)is anarbitrary 4 � 4 ma-
trix a parabolic fundamentalmatrix?

Recallthat if we let E bethesetof perspective fundamental
matrices,thenE 2 E if andonly if E hasequalsingular
values,i.e., for someU;V 2 O(3), E = UT diag(1; 1; 0)V .
Letusdenoteby F thesetof all paraboliccatadioptricfunda-
mentalmatrices.Thefollowing theoremoffersananalogous
characterizationof any F 2 F .

Theorem 1. A matrix F can be decomposedinto the
form de�ned in equation(8) if andonly if thereexist ma-
tricesU;V 2 O(3; 1) suchthat

F = UT diag(1; 1; 0; 0) V : (11)

Moreover, a decompositioncan be found whereK 1 =
K 2 only if det(F + F T ) = 0.

In otherwordstheLorentziansingularvaluedecomposi-
tion of F musthave equalLorentziansingularvalues.This
holdseventhoughF is abilinearconstraintfor uncalibrated
cameras.Onemistake thatshouldnot bemadeis thatanor-
thogonalprojectionto F will not be obtainedby averaging
the Lorentziansingular values, for the Frobeniusdistance
betweenthe original matrix andthe projectedonewill not



beminimized.Unfortunatelythis doesnot answertheques-
tion of optimalprojection.

Becauseof spaceconstraints,we give only an outlineof
a proof. The forward is trivial becausethe K i 's absorbthe
rotationsof thesingularvaluedecompositionof E , leaving
elementsof O(3; 1). Thereversereliesonthedecomposition
of the elementU 2 O(3; 1) into U = RK whereK 2 K
andR 2 O(3), statedin theprevioussection.Notethatthis
theoremcanbemademorespeci�c andrestrictU andV to
lie in O(3; 1)0, theconnectedcomponentof theidentity.

8. Global characteristicsof F

Finally weconsiderthefollowing questions:

Whatis thestructureof thesetof all parabolicfun-
damentalmatrices?If it is a manifoldwhat is its
dimension?

To begin with we make the following observationwhich is
a corollaryof Theorem1: F 2 F if andonly if AT F 2 F
for any A 2 O(3; 1)0. In otherwords,F is closedunderleft
multiplicationby elementsof O(3; 1)0. Similarly F 2 F if
andonly if F A 2 F . Consequently, elementsof thegroup
G = O(3; 1)0 � O(3; 1)0 act uponelementsof F via a map
' in thefollowing way:

'
�

(A1; A2); F ) = AT
1 F A2 :

Theorem1 guaranteesthat the range' (G; F0) � F . Now
supposethatg = (G1; G2), h = (H1; H2) ande = (I ; I ).
The map ' satis�es ' (e;F ) = F and ' (g � h; F ) =
' (g; ' (h; F )) , whereg � h = (G1H1; G2H2). Any such
functionis known asagroupaction.

Whatmight this have to do with thestructureof F ? For
example,it is clearlynot a group,but thegroupGactson it.
Westartby notingthat' , andthereforeG, canbeusedto pa-
rameterizeF . If ' (G; F0) = F , for any constantF0, in other
wordsis surjective in F , then' (�; F0) is a parameterization
of F . This is alsoa corollaryof Theorem1, for if

Fi =0 ;1 = UT
i � Vi then'

�
(U � 1

0 U1; V � 1
0 V1); F0

�
= F1 ;

where� = diag(1; 1; 0; 0). So,' (�; F0) is surjective in F .
If it werethe casethat ' F0 = ' (�; F0) provided a one-

to-onemappingbetweenG andF , thenit would show that
F is agroupsince' F0 wouldbeanisomorphism.However,
' F0 is not one-to-onein this case.What, though,is the re-
dundancy in its parameterizationof F ? Considerthesetof
elementsfor which ' F0 = F0, i.e.,

H F0 = f g 2 G : ' (g; F0) = F0g � G:

Sinceit is closedundercompositionandinversion,andpre-
servesF0, it is calledthe isotropysubgroupof F0. Further-
more,it canbeshownthatit is a3-dimensionalLie subgroup.

Now we make the following claim. The left cosetsof
H F0 , i.e., gH F0 = f gh : h 2 H F0 g, are in one-to-one
correspondencewith the elementsof F . ThusF is equiv-
alentto thequotientspaceG=H F0 , thequotientspacebeing
the partition of G into the pairwisedisjoint left cosets.To
provethisclaimonemustshow that e' F0 (gH F0 ) = ' F0 (gh)
is constantfor all h 2 H F0 , and thereforee' F0 (gH F0 ) is
well-de�ned; thenwe mustshow that e' F0 is injective. Both
propertiesfollow from thepropertiesof thegroupaction'
or cosets.

A theoremof differential geometry, see[5] for exam-
ple, statesthat the quotientof a Lie groupG andsomeLie
subgroupH is a manifold of dimensiondim G � dim H.
Thisandtheargumentsabovejustify thefollowing theorem.
Sinceall of the precedingargumentsapply equallywell to
essentialmatrices,we canalsoobtainananalogousresult.

Theorem2. Thesetof paraboliccatadioptricfundamen-
tal matricesis equalto aquotientof Lie groups:

F �= O(3; 1) � O(3; 1) =H F0 ;

whereH F0 is theisotropy subgroupof any F0 2 F . Con-
sequentlyF is a nine-dimensionalmanifold. Similarly,
thesetof essentialmatricesE is givenby:

E �= O(3) � O(3) =H E 0 ;

whereH E 0 is theisotropy subgroupof any E0 2 E in the
context of thenaturalaction' : O(3) � O(3) � E ! E.

9. Epipolar geometryestimation

Now thattheepipolarconstraintis shownto bebilinearin the
liftings of thecorrespondingpoints,mostof theperspective
algorithmsfor motion estimationapply. The most impor-
tantdifferenceis, so far, theabsenceof a linear orthogonal
projectionto F . We are not yet aware of a linear 9-point
algorithm. However, supposingf (pi ; qi )g1� i � N is a setof
point correspondences,we canminimize, in the usualway,
theSampsonapproximationto thegeometricerror[19]:

E (F ) =
nX

i =1

�
epT

i F eqi
� 2






 @

@(pi ;qi ) epT
i F eqi








2 =
nX

i =1

f T bi bT
i f

f T A i AT
i f

wherebi = eqi 
 epi and

A =
�

epi u 
 eqi epi v 
 eqi epi 
 eqi u epi 
 eqi v

�
:

Thenotationsepu andepv respectively denotepartialdifferen-
tial of h with respectto u andv, evaluatedat p = (u0; v0).

Themap' F0 convenientlyprovidesuswith a globaland
nowhere-singular, thoughredundant,parameterizationof F .
We de�ne � F0 : R12 ! F givenby:

� F0 (x1; y1; x2; y2) = eL (x 1 ;y 1 ) T
F0 eL (x 2 ;y 2 ) ;



Figure2: Estimationof theepipolargeometryfoundby minimizing theSampsonerror. Eachgreenline is theepipolarcircle
determinedfrom thepoint in theotherframe,hencethepointsdo not lie exactly on theepipolarcircles.Theepipolarcircle
correspondingto a givenpoint is highlightedin theregion of thepoint. Notethat in paraboliccatadioptricimagesthereare
alwaystwo epipolespresentin the image. The light purplecircle encodesthe intrinsic parameters;its centeris the image
centerandits radiusis twice thefocal length,it hasbeenfoundby choosingtheleastsingularvalueof (F; F T )T .

where L is de�ned in (10). Equation (13) gives an
explicit formula for the exponential map. If p =
(x1; y1; x2; y2), then we can directly calculatethe Jaco-
bian J = @=@pE(� F0 (p)) and the 12 � 12 HessianH =
@2=@p2E(� F0 (p)) usingtheapproximationeX = I + X .

Algorithm 1. (Motion estimation)
1. Obtainan initial estimateF0 by guessing(poor)cali-
brationmatricesK 1 andK 2, andestimatinganessential
matrix E0. ThenF0 = K � T

2 PT E0PK � 1
1 .

2. With theinitial estimate,minimizethefunctionE(F )
using Levenberg-Marquardt by explicitly calculatingJ
andH . Let F̂ bethe�nal localminimum.
3. If it is assumedthat K 1 = K 2, thenthe leastsingu-
lar vectorof (F̂ ; F̂ T ) is an estimateof the vectorO0 in
equation(9), wherebywe canestimatecx , cy andf and
consequentlyK .
4. Ê = PK T F̂ K PT is anestimateof theessentialma-
trix which can be factoredto obtain four possiblemo-
tions.Only oneleadsto aconsistentreconstruction.

We have implementedthis algorithmandtestedit usingfea-
turesobtainedfrom anautomaticpoint tracker [20]. Thees-
timatedepipolargeometryis shown in Figure2. In Figure3
weshow threeimages,theleft andright of whicharerecti�-
cationsof theimagesof Figure2. We lack thespacehereto
describetherecti�cation in thispaper, exceptto saythatit is
conformalandsolocally thereis nodistortion;it is described
in [11]. Usingthedisparityestimatedwith astereoalgorithm
weshow in themiddleimageawarpingof theright imageto
matchtheleft image.

10.Model deviations

We have, until now, assumedthat the projectionmodel is
ideal, that the camerais exactly orthographicand that the
mirror is alignedandhastheshapeof a paraboloid.In this
sectionwe examinethroughsimulationthe effects that de-
viations from theseassumptionshave on the estimationof
themotion. Whenthesedeviationsoccur, thereis no closed
form solutionfor theprojectionof apointin space.Hence,in
thesimulations,to calculatetheprojectionof a point we use
theprincipleof leastactionin which theimageof a point in
spaceis determinedfrom thepathwith theshortestdistance
from thatpoint to thefocusof thecamera.

We now describefour simulationsin which a singlepa-
rameteris variedand errorsin rotation and translationare
shown. In Figure4 aregraphsof theerrorin translationand
rotationasa functionof theindependentvariable.Theerror
in rotationequalsk logR̂R� 1

0 k whereR̂ andR0 aretheesti-
matedandtruerotationsrespectively. Theerrorin translation
is similarly cos� 1 t̂T t0, wheret̂ andt0 aretheestimatedand
truetranslationsrespectively. Fromleft to right in Figure4:

� A perspective camerawith focal length 20 times the
focal lengthof themirror. The optical axesremainparallel
but aredisplaceda distancex lying between0:5 to 3 times
themirror's focal length.

� An orthographiccameraanda mirror which is rotated
at angleof � aboutits focus,where0� � � � 5� .

� A perspective camera,with optical axis alignedwith
mirror, andwheretheratio� of thedistancebetweenthemir-
ror focusandcamerafocusto themirror focal lengthvaries
between1 (orthographic)and13.



Figure3: Left: Recti�cationof left imagein Figure2. Middle: Warpingof right recti�cation to left usingestimateddisparity.
Right: Recti�cation of right imagein Figure2.

� An orthographiccameraanda mirror whoseeccentric-
ity " variesfrom 0:9 to 1:1 (1 is aparaboloid).

We �nd thatthemotionestimationalgorithmis robustto
modestdeviations from the ideal assumptions.It appears
thattheusageof a perspectivecamerahaslittle effecton the
results,thoughthereis a greatereffect if theopticalaxesare
notaligned.

11.Conclusion

In conclusionwe have presenteda framework for structure
from motion for paraboliccatadioptricsystems.The meth-
odspresentedformulatethestructurefrom motion in a way
which linearly decouplesthe structureand the motion de-
spitea non-linearprojectionmodel. We demonstratedlocal
andglobalpropertiesof themanifoldof fundamentalmatri-
cesand the formulationof the setasa quotientof groups,
andwhichhasgivenusinsightinto theperspectivecase.We
proposeanalgorithmfor estimationof theepipolargeometry
which minimizeson the nine-dimensionalmanifold of fun-
damentalmatrices.Finally, we have shown that thesealgo-
rithmsarerobustto smalldeviationsfrom idealassumptions.

We hopeto addresssomeof thefollowing problemsaris-
ing outof this work:
Estimationalgorithms. Ideally we would like to �nd linear
algorithmsfor estimationof fundamentalmatrices.Another
issueis that the decreasedresolutionper viewing angleef-
fectively decreasesthemagnitudeof thebaseline,therefore
algorithmsrobustto smallbaselinesshouldbeaddressed.
Harmonic analysis. We believe oneof the mostimportant
contributionsof thispaperis thecharacterizationof thesetof
bilinearformsasa quotientspaceof Lie groups.Becauseof
their symmetry, it is possibleto de�ne theFouriertransform
of functionson suchspaces.Is it possibleto combineele-
mentsof structure-from-motionwith methodsin signalpro-
cessing?
Control on F . Control hasbeeninvestigatedon quotient
spaces,e.g. [6], cantheseideasbeextendedto visualservo-
ing directly on thequotientspaceF ?
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Appendix

First we give thematrix K dependingon the intrinsic parameters
cx , cy andf :

K =

0

B
B
@

2f 0 2f cx � 2f cx

0 2f 2f cy � 2f cy

� cx � cy 1 � c2
x � c2

y + f 2 1 + c2
x + c2

y � f 2

cx � cy 1 � c2
x � c2

y � f 2 1 + c2
x + c2

y + f 2

1

C
C
A: (12)

Secondwegivetheanalog to Rodrigues'formulafor matricesA 2
so(3; 1):

eA =
�

� 2 sinh � 1 � � 1 sinh � 2
� 1 � 2 ( � 2

1 � � 2
2 )

�
A3 +

�
cosh � 1 � cosh � 2

� 2
1 � � 2

2

�
A2 +

�
� � 3

2 sinh � 1 + � 3
1 sinh � 2

� 1 � 2 ( � 2
1 � � 2

2 )

�
A

�
� � 2

2 cosh � 1 + � 2
1 cosh � 2

� 2
1 � � 2

2

�
I : (13)

where f � 1 ; � � 1 ; � 2 ; � � 2g are the eigenvaluesof A. If A has
two zero eigenvalues,thenthere is a simplerform resemblingRo-
drigues' formulawhich weleaveto thereader.
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