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Abstract

A pair of stereo images are said to be recti�ed if corre-
spondingimage pointshavethesamey-coordinatein their
respectiveimages. In this paper we consider the recti-
�cation of two omnidirectional cameras, speci�cally two
parabolic catadioptriccameras. Such systemsconsistof a
parabolic mirror and an orthographically projecting lens.
We showthat if theimage coordinatesare representedasa
point z in thecomplex plane, thentherecti�cation is spec-
i�ed by coth� 1z. This recti�cation is shownto beconfor-
mal, in that it is locally distortionless,and furthermore, it
is uniqueup to scaleand transformation.We showan ex-
perimentin which two real imageshavebeenrecti�ed and
a stereomatchingperformed.

x1 Intr oduction

Considerthe two projectionsx andx0 in two arbitrary
cameras,eachof which is the projectionof a singlepoint
X in space. As we know, as X variesover all of three-
dimensionalspace,thepair (x; x0) doesnot �ll up thespace
of all possiblepairsof imagepoints. Sucha pair mustsat-
isfy theepipolarconstraint, which is determinedby thedif-
ferencein thepositionsandorientationsof thetwo cameras,
aswell astheir intrinsic parameters,e.g. focal length,etc.
Givena likely featureat x0 it is thetaskof stereomatching
to �nd thepointx0 which is mostlikely to betheprojection
of thesamepointasthatof x0. Typically somemetricbased
on thesimilarity of theneighborhoodsof thesepoints,such
as cross-correlation,is usedto determinea likely match.
Fortunately, one only needsto searchamongthosepairs
(x0; x0) satisfyingtheepipolarconstraint.In thecaseof an
idealperspectivecamera,sucha locusis a line, anepipolar
line, andso the searchis one-dimensional.The setof all
epipolarlinesin oneimageintersectsin a singlepoint.

To performdensestereomatching,thisprocedureis usu-
ally performedat every point in thetwo images.Therefore
many methodshave beeninvestigatedto increasethe ef�-
ciency of this procedure.Themostcommonapproachis to
performa transformationof theimagescalleda stereorec-

ti�cation . The goal of sucha procedureis to ensurethat
all of the points on one epipoleline lie on the samerow
in the transformedimage. In addition,this transformation
can be performedso that points on correspondingepipo-
lar lines have the samey-coordinatein eachtransformed
image. Sucha procedureoffers the following advantages.
First, the stereomatchingcan be performedwithout the
overheadof determiningtheepipolarlineswhichdetermine
therangeto search.Second,thereis no needto performa
complicatedwarpingof neighborhoodsonwhichtoperform
thecross-correlationor othersimilarity metric. In thecase
of perspective images,the recti�cation can be performed
sothatthetransformedimagescouldhavebeenperspective
images,indeedtherectifying transformationsarehomogra-
phies.

In this paperwe are interestedin performinga recti�-
cationof two uncalibratedparaboliccatadioptriccameras.
Suchasensoris acombinationof aradiallysymmetricmir-
ror with a parabolicpro�le and an orthographicallypro-
jectingcamera[11]. Their primaryadvantageis their large
�eld-of-view, often in excessof 180� , andasa resulthave
applicationsin robotics[15] andtelepresence[13]. Under
idealconditions,suchastrueorthographicprojectionanda
perfectmirror, this systemhasa singleeffective viewpoint
at the focusof the paraboloid. This is a realisticassump-
tionequivalentto thecommonassumptionthataperspective
cameraobeys thepinholeprojectionmodel.In particular, it
hasbeenshown thatsmalldeviationsfrom theidealdo not
grosslyaffectestimationof theepipolargeometry.

Stereorecti�cation haslong beenusedby photogram-
metrists[14]. In thevision community, [1, 9] wereamong
the�rst worksto considerrecti�cation in software.Recent
work hasbeendoneto choosethe bestrecti�cation using
a givenmetric,e.g. themostarea-preserving[8], the least
skew inducing[2]. In [7] a systemconsistingof a pair of
planarcatadioptricsensorsis designedin which theimages
areautomaticallyrecti�ed, nowarpingof theimagesis nec-
essary. We arenotaware,though,of literatureon thestereo
recti�cation of paraboliccatadioptricimages.

The recti�cation proposedin this paperis motivatedby
an observationof the geometryinducedby suchcatadiop-
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tric cameras.It canbe shown that the paraboliccatadiop-
tric projectionis conformal. By this we meanthat small
neighborhoodsof any imagepoint always look recti�ed.
In particular, any anglede�ned on a spherecenteredat the
viewpoint will bepreservedwhenit is projectedto the im-
ageplane.This followsbecausetheprojectionfrom sucha
sphereto theimageplaneis equivalentto stereographicpro-
jection[4], i.e. theprojectionfrom thesphere's northpole,
which is conformal[12] andhasbeenshown to be an ad-
vantagein computervision [3]. This suggestsconsidering
rectifying transformationswhich preserve theconformality
of theprojection.

The geometryinducedby the cameraforcesus to con-
sidernew techniquesfor recti�cation. In particular, with the
methodwe propose,at theendof theproceduretheresult-
ing imageis notequivalentto eitheraparaboliccatadioptric
or perspectiveprojection.Regardingthe�rst possibility, no
suchtransformationexists becausethe locusof pointssat-
isfying the epipolarconstraintarealwaysepipolar circles.
Any equivalentparabolicprojectionwill havethisproperty;
therearenoparabolicprojectionswheretheepipolarcurves
becomea pencil of parallel lines. With respectto a per-
spective projection,this is not possibleto achieve without
having calibratedthe catadioptriccamera.Furthermore,it
would not be wise to do so becauseof the wide �eld of
view — anequivalentperspective imagewould have to be
in�nite in extentandwouldstill loseinformation.

The transformationwe consideris basedon the bipo-
lar coordinate system[10] and is easily representedas a
transformationof the complex plane. In particular, if the
image point (x; y) is representedby the complex point
z = x + i , thenthe transformationwill be roughly of the
form w = coth� 1 z. This functionis analyticin a regionof
C which excludestheepipolesandso it is conformal. We
will show that this is the only conformalrecti�cation of a
paraboliccatadioptricimage.

x2 Parabolic catadioptric projection

Theprojectionmodelis notkey to ourdiscussionbut we
includeit nevertheless.It is assumedthat theprojectionof
any point in R3 is givenby [4]:

p(x; y; z) =

0

@
cx + f x

� z+
p

x 2 + y 2 + z2

cy + f y

� z+
p

x 2 + y 2 + z2

1

A :

Note that unlike perspective projections, projectionsof
pointson oppositesidesof theviewpoint arenot equal. In
particular, p(x; y; z) 6= p(� x; � y; � z).

Brie�y , considerthesetS2 containingthosepointsin R3

satisfyingx2 + y2 + z2 = 1, i.e., theunit sphere.Assume
that a point X = (x; y; z) lies on the sphereand that its

projectionis (u; v). We canwrite thespacecoordinatesin
termsof theimagecoordinatesasfollows:

�
2u

1 + u2 + v2 ;
2v

1 + u2 + v2 ;
� 1 + u2 + v2

1 + u2 + v2

�
; (1)

wherepjS2 denotesthe restrictionof the domainof p to
S2. In effect,we have provideda rationalparameterization
of thesphereminusthenorthpole. ComputetheJacobian
J = @pjS2

� 1=@(u; v) andnoticethatit satis�esJ J T = �I .
ThereforetheJacobianfrom thesphereto theimageplaneis
a similarity transformation.Consequently, paraboliccata-
dioptric projectionsare conformalfrom the sphereto the
imageplane,thatis, locally they preserveangles.

x3 Perspectiveepipolar geometry

Thepurposeof this sectionis to review theepipolarge-
ometryof perspective sensors.In the perspective casethe
epipolargeometrycan be derived from the propertiesof
thebilinearform whichcorrespondingimagepointssatisfy,
namely, thatif x1; x2 2 P2 areprojectionsof thesamepoint
X in space,then

x2
T F x1 = 0 (2)

whereF is the fundamentalmatrix (for perspective cam-
eras).Thefundamentalmatrix is a 3 � 3 matrix which has
rankequalto two. Theepipolargeometryof thestereopair
is encodedin thismatrix.

To eachimageis associatedanepipole, which is thepro-
jectionof theviewpointof theoppositecamera.If theview-
pointsareequalthentheepipolesareunde�nedandfurther-
moretheepipolargeometryis degenerate.Theepipolese1

ande2 canbefoundfrom thenullspacesof F asfollows:

F e1 = 0 and F T e2 = 0;

If x1 is heldconstantin (2), thenthelocusof pointsx2 sat-
isfying the constraintis calledan epipolar line. This line
speci�esthesetof all possiblecorrespondences,andfor ex-
ampletheepipolarline in thesecondimageis thesetof all
x satisfying

`T
2 x = 0 where `2 = F x1 :

Similarly `1 = F T x2 is anepipolarline in the �rst image.
Evidentlyevery epipolarline in a givenimagecontainsthe
epipoleof thatimage.

Recti�cation in perspectiveimagesis performedby �nd-
ing two homographiesH 1 andH2 which:

1. take e1 to H1e1 = (1; 0; 0) ande2 to H2e2 = (1; 0; 0)
bothof which areon the line at in�nity (`1 ), this has
theeffectof mappingeachpencilof epipolarlinesto a
setof parallellines;and
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2. aresuchthatif xT
2 F x1 = 0 then

(H1x1)2=(H1x1)3 = (H2x2)2=(H2x2)3 ;

in otherwords the transformedpointshave the same
y-coordinatein theimageplane.

Combinationsof H 1 andH2 compatiblewith F andthese
two conditionsare not unique. Several conditionshave
beenproposedwhich chooseoptimal homographiesbased
on theireffectson theimages,e.g.,choosinghomographies
whichpreserveareaasmuchaspossible[8] or whichmini-
mizetheintroductionof skew [2].

x4 Parabolic catadioptric epipolar geometry

Systemswhoseprojectionsaregiven by (1) exhibit the
propertythattheimageof any line in spaceis anarcof acir-
cle. Consequently, in paraboliccatadioptricimages,epipo-
lar lines becomeepipolar circles. Furthermore,sincethe
projectionsof antipodalpointsareseparate,the epipolein
oneperspective imagebecomestwo epipolesin parabolic
images,onefor eachsideof theviewpoint. Thea pencilof
epipolarlinesin theperspectiveimagebecomesasystemof
coaxalcirclesin theparabolicimage.All circlesin sucha
systemhave centerswhich arecollinearandall intersectin
two points,which in this casearetheepipoles.

To determinethesepropertiesoneexaminesthe epipo-
lar constraintfor paraboliccatadioptriccameras.It canbe
shown that if x1 andx2 aretheparaboliccatadioptricpro-
jectionsof thesamepointX in spacethenthey mustsatisfy

~xT
2 F ~x1 = 0: (3)

for somecatadioptricfundamentalmatrix F whereif x =
(u; v) then

~x = (2u; 2v; u2 + v2 � 1; u2 + v2 + 1) :

Note that this is the sameas (1), but expressedin homo-
geneouscoordinates;~x lies on theunit spherein projective
space.This paperis not aboutthe propertiesof F nor its
estimation,sowe will limit thediscussionto its mostbasic
properties;for informationonits propertiessee[5, 6]. It has
beenshown thatF is a 4 � 4 matrix whoserankis equalto
two, and it canbe written asF = AT

2 EA1 whereE is a
perspective essentialmatrix andA1 andA2 aretwo 3 � 4
matrices.

SinceF is rank two, its left andright two-dimensional
nullspacesrepresentlines in projective space.For a valid
F , theselinesmustintersectthespherein two pointswhich
are the representationsof the epipoles. In particular two
epipolepairs (e1;1; e1;2) and(e2;1; e2;2) satisfy

F ~e1;j = 0 and F T ~e2;j = 0:

The reasonfor the two points is that the viewpoint of the
other cameramay be known to lie on a line throughthe
viewpoint of the �rst camera,however, thesideof the line
onwhich theotherviewpointmaybefoundis ambiguous.

Supposethatx1 is constantandthatx is chosensoasto
satisfytheequation


 T
1 ~x = 0 where 
 1 = F ~x1 ;

The locus of all suchx can be found to be a circle. We
call sucha circleanepipolarcircle,andin analogywith the
perspectivecasewe let 
 1 beits representation.Apparently

 1 is the representationof a planein P3. Its intersection
with thesphere,i.e. therangeof ~x overall x, is a circle on
thespherewhichdeterminessomecircle in theplane.

Figure1: A paraboliccatadioptricstereopair. Pointshigh-
lightedareuseto determinethematrix F which determine
theepipolarcircles,alsohighlightedsoasto make clearon
which epipolarcircle a given point lies. The epipolesare
theintersectionof all theepipolarcircles.

We now statea formuladeterminingthecorrespondence
betweentwo epipolarcircles.SinceF is ranktwo, it canbe
written asF = u1vT

1 + u2vT
2 for someui ; vi 2 R4. Let

W = u1uT
2 � u2uT

1 . If x is a point in the�rst imageequal
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Figure2: The anglesbetweenepipolarcirclesdetermined
from pointcorrespondences.
to neithere1;1 nor e1;2, thenit canbeshown that ~
 = W ~x
and~� = F ~x arecorrespondingepipolarcircles.

Now supposethat 
 1 and
 2 representany two epipolar
circlesin oneimage.Let � = \ (
 1; 
 2) bethetheangleof
intersectionbetweenthe two circlesrepresentedby 
 1 and

 2. This angleobeys thefollowing equation:

cos2 � =
�

 T

1 Q 
 2
� 2

=
�

 T

1 Q 
 2 
 T
2 Q 
 2

�
:

where Q = diag(1; 1; 1; � 1) is the projective quadratic
form of the unit sphere.Let � 1 and� 2 be the correspond-
ing epipolarcircles, respectively. It canbe shown that F
encodesthepropertiesof epipolarcirclessuchthat

\ (
 1; 
 2) = \ (� 1; � 2) : (4)

Considerthe casewherewe know 
 1, 
 2 and� 1. We can
directlydetermine� 2 withoutF becauseit mustsatisfy(4).

In uncalibratedparaboliccatadioptricimages,therefore,
theepipolargeometryis completelyencodedby four points
andoneangle. In particular, the two epipolarpoint pairs
uniquely determinethe systemsof coaxalcircles in each
image,and an anglecan be usedto determinethe corre-
spondencebetweentwo epipolarcirclesin eachimage.This
contrastswith perspective epipolargeometry, in which the
correspondencebetweenepipolarlinesisgivenbyahomog-
raphyof P1, which leavesonly thecross-ratioinvariant.

To illustratetheparabolicepipolargeometry, weshow in
Figure1 a paraboliccatadioptricstereopair. Theparabolic
catadioptricfundamentalmatrixhasbeenestimatedfor this
pair using the highlighted points. The epipolar circles
which go throughthe points are drawn and we indicated
which epipolar circle a given point lies on by drawing
the circle in bold in the neighborhoodof the point. As
a veri�cation of the claim that the anglesbetweenepipo-
lar circlesareequal,we have plottedin Figure2 the pairs
(\ (
 0; W ~x i ); \ (� 0; F ~yi )) for all correspondingpointpairs
(x i ; yi ). Ideally thisshouldbeastraightline to indicatethat
(4) is satis�ed;aswe canseethis is verynearlythecase.

x5 Catadioptric recti�cation

Becauseof the compactnessof notation it is natural
to use the complex plane as a representationof the im-
ageplane. In this casewe representthe point (u; v) by
z = u + i v. Let z be any imagepoint in oneimageand
w in theothersuchthatthey satisfytheepipolarconstraint.
We supposethatz andw aretransformedasfollows:

z0 = f (z) and w0 = g(w) :

The transformationsrectify the stereo pair if the y-
coordinatesareconstantover the imagesof corresponding
epipolarcircles.Thisconditionis expressedby theequation

im f (z) = im g(w)

for all correspondingz andw. This is the bareminimum
thatwe couldhopeto achieve in a recti�cation.

Unlike in theperspectivecase,we cannotperformarec-
ti�cation usinghomographies.The closestknown equiva-
lentto homographiesfor parabolicprojectionsarethegroup
of Möbiustransformationsin thecomplex planeor equiva-
lently Lorentztransformationsof ~x. Theformertransforms
an imagepoint (u; v) representedby the complex number
z = u + iv via thefunctionf (z) = (az + b)=(cz + d). All
suchtransformations,however, preserve circles. Therefore
acoaxalsystemof circlesremainsacoaxalsystemof circles
andsothey donot have thecapabilityof producinga setof
parallellines from a systemof coaxalcircles. This should
not be seenasa limit which could be overcomeby some
extensionto planarhomographies,they too mustpreserve
imagesof linesandthereforeepipolarcircles.

We proposean alternative transformationbasedon the
bipolar coordinatesystem[10]. A bipolar coordinatesys-
temconsistsof a pair of two mutually orthogonalsystems
of coaxalcircles.For themomentweconsideronly oneim-
ageandsupposethate1 ande2 arethetwo epipoles.It can
beveri�ed thatthesetof all z suchthattheangle

� 0 = \ e1z e2 (5)

is constantis a circle throughe1 ande2, and furthermore
any circle is uniquelydeterminedby someangle. The an-
gle � 0 differs by a constantfrom the angleof intersection
betweentheline throughe1 ande2 andthecircle it de�nes.
Similarly, thesetof all z suchthattheratio

r0 = d(z; e1) =d(z; e2)

is constantis acircleorthogonalto any of thecirclesde�ned
by (5), wherehered(�; �) denotesthedistancebetweentwo
complex points.
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We can turn this into a transformationof the complex
planeif wesetw0 = � + i� where� = logr , for then,

w0 = log

�
�
�
�
z � e1

z � e2

�
�
�
� + i arg

z � e1

z � e2
= log

z � e1

z � e2
:

Anotherrepresentationof this transformationcanbechosen
sincecoth� 1 = 1

2 logz + 1=z � 1, sothatalternatively we
have

w0 = 2coth� 1 e1 + e2 � 2z
e1 � e2

:

Sincecoth� 1 is analytic— it satis�estheCauchy-Riemann
equations[12] — this recti�cation is conformal.Therange
of this transformationis from �1 to 1 in therealcompo-
nent,and� � to � in theimaginarycomponent.

Figure3: Herewe show therecti�ed imagesrotatedby 90�

andplot thelinesjoining pointsin thetwo imagesto demon-
stratethatthey do indeedlie in thesamerow (herecolumn).

Returningto two imageslet ei;j beall four epipoles.As-
sumethat z0 and w0 satisfy the epipolarconstraint. It is

not suf�cient to apply (6) sincez0
0 andw0

0 will not neces-
sarilyhavethesameimaginarycomponents.Thedifference
of their imaginarycomponents,however, will besomecon-
stant� 0 independentof thechoiceof correspondingz0 and
w0. In particularfor some� 0,

� 0 + im z0
0

�= 2� im w0
0 :

whereasusuala �= 2� b if andonly if 2� dividesa � b. To
�nd � 0 from thecorrespondencesimply solve for � 0 in the
congruenceequation.Observethat

i� + 2coth� 1 z = 2coth� 1 � z(ei� + 1) + ei� � 1
z(ei� � 1) + ei� � 1

;

up to a congruenceof 2� in the imaginarypart. This leads
to two equations:

z0 = 2coth� 1 � z(ei� + 1) + e1;2 ei� + e1;1

z(ei� � 1) � e1;2 ei� + e1;1
;

w0 = 2coth� 1 e2;1 + e2;2 � 2w
e2;1 � e2;2

;

which summarizethe recti�cation equationsof the stereo
pair. This transformationcanbe applieddirectly to an im-
agerepresentedin the complex plane. Onemust exclude
circlesaroundtheepipolessincetheepipolesareasingular-
ity in themapping.Therangeandresolutionaredetermined
by thepositionsof theepipoles.

We now show that thereare no other conformalrecti-
�cations. Consideragainonly one imageand considera
transformationg which recti�es analreadyrecti�ed image,
which would bethesameasinvertingthecurrentrecti�ca-
tion andapplyingsomeotherrecti�cation. The functiong
mustsatisfy

im g(x + iy ) = gu (x; y) + igv (y) :

In other words, its imaginary componentought not de-
pendon the real componentof its argument.Supposethat
g is twice differentiableand that it satis�es the Cauchy-
Riemannequations:

@gu

@x
=

@gv

@y
and

@gv

@x
= �

@gu

@y
:

Clearly@gv =@x = 0. UsingtheRiemann-Cauchyequations
we�nd that@2gu =@x@y = 0 andthat@2gu =@y@x = g00

v (y).
Thereforegv (y) = ax + b for somereala andb, andsim-
ilarly for gu . Thereforeg is no morethana translationand
scale.

x6 Experiment and conclusion

Wedemonstratetheproposedrecti�cation by applyingit
to theimagesshown in Figure1. Theresultsof therecti�ca-
tion areshown in Figure3. We draw linesbetweenthecor-
respondingfeaturesin the recti�ed imagesto demonstrate
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Figure4: Left: A disparityimageis estimatedwith a correlationbasedalgorithmon therecti�ed images.Middle: Oneof
therecti�ed images.Right: A warpingof theotherimage(thebottomimagein Figure3) into themiddleimagebasedon the
disparitymap.

thethefeaturesareon thesamerow of therecti�ed images.
We have usedtheserecti�ed imagesto performa correla-
tion baseddisparityestimation,theresultsareshown in the
left of Figure (4). Using this disparity map we warp the
bottomimageof Figure3 into the top image.Theoriginal
top imageis duplicatedin the middle of Figure3 andthe
warpedimageis shown on theright. Ideally thetwo images
would look exactly the same,in areasof low texture this
is not quite the case,thoughit doesperformwell in those
regionswhereit waseasierto obtaina correspondence.

In this paperwe have demonstrateda techniquefor the
recti�cation of paraboliccatadioptricstereopairs.Therec-
tifying transformationis theuniqueconformaltransforma-
tion ableto rectify the images.We have demonstratedthe
procedureon two real imagesand given a demonstration
of disparityestimationfrom the recti�ed imagesbasedon
cross-correlation.
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