ConformalRecti cation of OmnidirectionalStereoPairs

ChristopheiGeyer
Departmentf EECS,UC Berkeley
Berkeley, CA 94720

cgeyer@eecs.berkeley.edu

Abstract

A pair of steleo images are said to be recti ed if corre-
spondingimage pointshavethe samey-coominatein their

respectiveimages. In this paper we considerthe recti-
cation of two omnidirectional cameas, speci cally two
parabolic catadioptriccamens. Sud systemsonsistof a
parabolic mirror and an orthographically projectinglens.
We showthat if theimage coodinatesare representedisa
point z in the comple plang thentherecti cation is spec-
i ed by coth 'z. Thisrecti cation is shownto be confor

mal, in that it is locally distortionless,and furthermog, it

is uniqueup to scaleand transformation.\We showan ex-

perimentin which two real imageshavebeenrecti ed and
a steeomatding performed.

x1 Intr oduction

Considerthe two projectionsx andx® in two arbitrary
camerasgeachof which is the projectionof a single point
X in space. As we know, as X variesover all of three-
dimensionabpacethepair (x; x% doesnot Il upthespace
of all possiblepairsof imagepoints. Sucha pair mustsat-
isfy theepipolarconstaint, whichis determinedy thedif-
ferencan thepositionsandorientationof thetwo cameras,
aswell astheir intrinsic parameterse.g. focal length, etc.
Givenalikely featureat Xy it is thetaskof steleomatding
to nd thepointx®whichis mostlikely to bethe projection
of thesamepointasthatof xo. Typically somemetricbhased
onthesimilarity of theneighborhoodsf thesepoints,such
as cross-correlationis usedto determinea likely match.
Fortunately one only needsto searchamongthosepairs
(xo; X9 satisfyingthe epipolarconstraint.In the caseof an
ideal perspectie camerasuchalocusis aline, anepipolar
line, and so the searchis one-dimensional.The setof all
epipolarlinesin oneimageintersectsn asinglepoint.

To performdensestereanatching this proceduras usu-
ally performedat every pointin thetwo images.Therefore
mary methodshave beeninvestigatedo increasethe ef -
cieng of this procedure The mostcommonapproachs to
performatransformatiorof theimagescalleda steeorec-

KostasDaniilidis
GRASPLaboratoryU. of Pennsylhania
PhiladelphiaPA 19104

kostas@cis.upenn.edu

ti cation. The goal of sucha procedureis to ensurethat

all of the pointson one epipoleline lie on the samerow

in the transformedmage. In addition, this transformation
can be performedso that points on correspondingepipo-

lar lines have the samey-coordinatein eachtransformed
image. Sucha procedureoffers the following advantages.
First, the stereomatchingcan be performedwithout the

overheadf determiningheepipolarlineswhichdetermine
therangeto search.Secondthereis no needto performa

complicatedvarpingof neighborhoodsnwhichto perform

the cross-correlatiomr othersimilarity metric. In the case
of perspectie images,the recti cation can be performed
sothatthetransformedmagescould have beenperspectie

imagesjndeedtherectifying transformationsrehomogra-
phies.

In this paperwe are interestedn performinga recti -
cationof two uncalibrated paraboliccatadioptriccameras.
Suchasensois acombinationof aradially symmetricmir-
ror with a parabolicpro le and an orthographicallypro-
jectingcamerd11]. Their primaryadwantages their large

eld-of-view, oftenin excessof 180 , andasa resulthave
applicationsin robotics[15] andtelepresenc§l3]. Under
ideal conditions,suchastrue orthographigrojectionanda
perfectmirror, this systemhasa single effective viewpoint
at the focus of the paraboloid. This is a realisticassump-
tion equivalentto thecommonassumptiothataperspectie
cameraobeysthepinholeprojectionmodel.In particular it
hasbeenshovn thatsmalldeviationsfrom theidealdo not
grosslyaffect estimationof the epipolargeometry

Stereorecti cation haslong beenusedby photogram-
metrists[14]. In thevision community [1, 9] wereamong
the rst worksto considemecti cation in software. Recent
work hasbeendoneto choosethe bestrecti cation using
a givenmetric, e.g. the mostarea-preservin{g], the least
skew inducing[2]. In [7] a systemconsistingof a pair of
planar catadioptricsensorss designedn whichtheimages
areautomaticallyrecti ed, nowarpingof theimagess nec-
essaryWe arenot aware,though,of literatureon the stereo
recti cation of paraboliccatadioptridmages.

The recti cation proposedn this paperis motivatedby
an obsenation of the geometryinducedby suchcatadiop-



tric cameras.lt canbe showvn thatthe paraboliccatadiop-
tric projectionis conformal. By this we meanthat small
neighborhoodof ary image point always look recti ed.
In particular ary anglede ned on a spherecenterecht the
viewpointwill be preseredwhenit is projectedto theim-
ageplane.This follows becausehe projectionfrom sucha
sphereo theimageplaneis equivalentto stereographipro-
jection[4], i.e. the projectionfrom the spheres north pole,
which is conformal[12] andhasbeenshownn to be an ad-
vantagein computervision [3]. This suggestxonsidering
rectifying transformationsvhich presere the conformality
of the projection.

The geometryinducedby the cameraforcesus to con-
sidernew techniquegor recti cation. In particular with the
methodwe proposeat the end of the procedurghe result-
ing imageis not equivalentto eithera paraboliccatadioptric
or perspectie projection.Regardingthe rst possibility, no
suchtransformatiorexists becauséhe locusof pointssat-
isfying the epipolarconstraintare always epipolar circles
Any equivalentparabolicprojectionwill have this property;
thereareno parabolicprojectionswvheretheepipolarcurves
becomea pencil of parallellines. With respectto a per
spectve projection,this is not possibleto achiese without
having calibratedthe catadioptriccamera.Furthermorejt
would not be wise to do so becauseof the wide eld of
view — anequialentperspectre imagewould have to be
in nite in extentandwould still loseinformation.

The transformationwe consideris basedon the bipo-
lar coodinate system[10] andis easily representeds a
transformationof the complex plane. In particular if the
image point (x;y) is representedy the complex point
z = x + i, thenthe transformationwill be roughly of the
formw = coth !z. Thisfunctionis analyticin aregion of
C which excludesthe epipolesandsoit is conformal. We
will show thatthis is the only conformalrecti cation of a
paraboliccatadioptridmage.

x2 Parabolic catadioptric projection

Theprojectionmodelis notkey to ourdiscussiorbut we
includeit neverthelesslt is assumedhatthe projectionof
ary pointin R? is givenby [4]:
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p(x;y;z) =

Note that unlike perspectie projections, projections of
pointson oppositesidesof the viewpoint arenot equal. In
particularp(x;y;z) 6 p( X; vy; 2).

Brie y, considetthesetS? containingthosepointsin R3
satisfyingx? + y2 + z? = 1, i.e., theunit sphere.Assume
thata point X = (X;y;z) lies on the sphereandthatits

projectionis (u; v). We canwrite the spacecoordinatesn
termsof theimagecoordinatesasfollows:

2u _ 2v L1+ U+ V2
1+ u2+v2 1+ u2+v2' 1+ u?+v?

@

wherepjs2 denotesthe restriction of the domainof p to
S2?. In effect, we have provideda rationalparameterization
of the sphereminusthe north pole. Computethe Jacobian
J = @js 1:@u; v) andnoticethatit satisesJJ ™ = | .
ThereforeheJacobiarfrom thespherdo theimageplaneis
a similarity transformation.Consequentlyparaboliccata-
dioptric projectionsare conformalfrom the sphereto the
imageplane thatis, locally they presere angles.

x3 Perspectve epipolar geometry

The purposeof this sectionis to review the epipolarge-
ometryof perspectie sensors.In the perspectie casethe
epipolar geometrycan be derived from the propertiesof
thebilinearform which correspondingmagepointssatisfy
namelythatif x1;x, 2 P? areprojectionsof thesamepoint
X in spacethen

XZTF x3 = 0 (2)

whereF is the fundamentaimatrix (for perspectie cam-
eras).Thefundamentamatrixisa3 3 matrix which has
rank equalto two. Theepipolargeometryof the steregpair
is encodedn this matrix.

To eachimageis associatednepipolg whichis thepro-
jectionof theviewpointof theoppositecameralf theview-
pointsareequalthentheepipolesareunde nedandfurther
morethe epipolargeometryis degenerate The epipolese;
ande, canbefoundfrom thenullspace®f F asfollows:

Fee = 0OandFTe; = 0;

If X1 is heldconstanin (2), thenthelocusof pointsx, sat-
isfying the constraintis calledan epipolarline. This line
speci esthesetof all possiblecorrespondenceandfor ex-
amplethe epipolarline in the secondmageis the setof all
X satisfying

‘Ix = 0 where ', = Fxy:

Similarly *; = FTx, is anepipolarline in the rst image.
Evidentlyevery epipolarline in agivenimagecontainsthe
epipoleof thatimage.

Recti cationin perspectieimagess performecby nd-
ing two homographie$l; andH , which:

1. takee; toH1e; = (1;0;0) ande; to Hoe; = (1;0; 0)
bothof which areontheline atin nity ("1 ), thishas
theeffect of mappingeachpencilof epipolarlinesto a
setof parallellines;and



2. aresuchthatif xJ Fx; = Othen
(H1x1)2=(H1X1)3 = (H2X2)2=(H2X2)3;

in otherwordsthe transformedpoints have the same
y-coordinatan theimageplane.

Combinationsof H; andH, compatiblewith F andthese
two conditionsare not unique. Several conditionshave
beenproposedwvhich chooseoptimal homographiebased
ontheir effectsontheimagesge.g.,choosinghomographies
which presere areaasmuchaspossibleg8] or which mini-
mizetheintroductionof skew [2].

x4 Parabolic catadioptric epipolar geometry

Systemswhoseprojectionsare given by (1) exhibit the
propertythattheimageof ary line in spaces anarcof acir-
cle. Consequentlyin paraboliccatadioptridmages epipo-
lar lines becomeepipolar circles Furthermore sincethe
projectionsof antipodalpoints are separatethe epipolein
one perspectie imagebecomegwo epipolesin parabolic
imagesonefor eachsideof theviewpoint. Thea pencil of
epipolarlinesin the perspectieimagebecomes systemof
coaxalcirclesin the parabolicimage. All circlesin sucha
systemhave centerswhich arecollinearandall intersectin
two points,whichin this casearethe epipoles.

To determinethesepropertiesone examinesthe epipo-
lar constraintfor paraboliccatadioptriccameras.It canbe
shawvn thatif x; andx, arethe paraboliccatadioptricpro-
jectionsof thesamepoint X in spacehenthey mustsatisfy

xS Fxi = 0: ()

for somecatadioptricfundamentamatrix F whereif x =
(u; v) then
x = (Qu;2viu®+ Vv Lul+ vi+ 1):

Note that this is the sameas (1), but expressedn homo-
geneougoordinatesy lies onthe unit spherean projective

space. This paperis not aboutthe propertiesof F nor its

estimationsowe will limit thediscussiorto its mostbasic
propertiesfor informationonits propertiese€5, 6]. It has
beenshavnthatF isa4 4 matrixwhoserankis equalto

two, andit canbe writtenasF = AZ EA; whereE is a
perspectie essentiamatrix andA; andA; aretwo 3 4

matrices.

SinceF is rank two, its left andright two-dimensional
nullspacegepresentinesin projective space. For a valid
F, thesdinesmustintersecthespheran two pointswhich
are the representationsf the epipoles. In particulartwo

epipolepairs (es:1; €1:2) and(eyz.1; €:2) satisfy

Fej = OandF ey = O:

The reasonfor the two pointsis that the viewpoint of the
other cameramay be known to lie on a line throughthe
viewpoint of the rst camerahowever, the sideof theline
onwhichthe otherviewpointmaybefoundis ambiguous.

Supposehatx; is constanandthatx is chosersoasto
satisfytheequation

Ix = 0 where ; = Fx;

The locus of all suchx canbe found to be a circle. We

call suchacircle anepipolarcircle, andin analogywith the

perspectie casewelet ; beits representationApparently
1 is the representatiof a planein P3. Its intersection

with the spherej.e. therangeof x overall x, is acircle on

thespherewhich determinesomecircle in theplane.

Figurel: A paraboliccatadioptricsteregpair. Pointshigh-

lighted areuseto determinethe matrix F which determine
the epipolarcircles,alsohighlightedso asto make clearon

which epipolarcircle a given point lies. The epipolesare
theintersectiorof all theepipolarcircles.

We now statea formuladeterminingthe correspondence
betweertwo epipolarcircles.SinceF is ranktwo, it canbe
writtenasF = ujv] + upv) for someu;;v; 2 R*. Let
W = uju}  upul. If x isapointin the rst imageequal
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Figure2: The anglesbetweenepipolarcircles determined
from pointcorrespondences.

to neithere;.; nore;.,, thenit canbe shovn that~ = Wx
and~= F x arecorrespondingpipolarcircles.

Now supposéghat ; and , representry two epipolar
circlesin oneimage.Let =\ ( 1; 2) bethetheangleof
intersectiorbetweenthetwo circlesrepresentetty ; and

2. Thisangleobeysthe following equation:

2
1Q2"= {Q 2 3;Q

whereQ = diag(1;1;1; 1) is the projectve quadratic
form of the unit sphere.Let ; and , bethe correspond-

ing epipolarcircles, respectiely. It canbe shovn that F
encodeshe propertiesof epipolarcirclessuchthat

V(1 2) = V(1 2): (4)

Considerthe casewherewe know 1, > and ;. We can
directlydetermine , withoutF becausé mustsatisfy(4).
In uncalibratedparaboliccatadioptridmagestherefore,
theepipolargeometryis completelyencodedy four points
andone angle. In particular the two epipolarpoint pairs
uniquely determinethe systemsof coaxalcirclesin each
image, and an angle can be usedto determinethe corre-
spondenceetweertwo epipolarcirclesin eachimage.This
contrastswvith perspectie epipolargeometryin which the
correspondendeetweerepipolarinesis givenby ahomog-
raphyof P!, which leavesonly the cross-ratidnvariant.
Toillustratethe parabolicepipolargeometrywe shav in
Figurel a paraboliccatadioptricsteregpair. The parabolic
catadioptridundamentamatrix hasbeenestimatedor this
pair using the highlighted points. The epipolar circles
which go throughthe points are dravn and we indicated
which epipolar circle a given point lies on by drawing
the circle in bold in the neighborhoodof the point. As
a veri cation of the claim that the anglesbetweenepipo-
lar circlesare equal,we have plottedin Figure?2 the pairs
(\ ( 0;Wx);\ ( 0;Fw)) for all correspondingpoint pairs
(Xi;y;). Ideallythisshouldbeastraightline to indicatethat
(4) is satis ed; aswe canseethisis very nearlythe case.

cod =

x5 Catadioptric recti cation

Becauseof the compactnes®f notationit is natural
to usethe comple plane as a representatiorof the im-
ageplane. In this casewe representhe point (u;v) by
Z = u+iv. Letz beary imagepointin oneimageand
w in the othersuchthatthey satisfythe epipolarconstraint.
We supposehatz andw aretransformedasfollows:

2% = f(z) andw® = g(w):

The transformationsrectify the stereo pair if the y-

coordinatesare constantover the imagesof corresponding

epipolarcircles. This conditionis expressedby theequation
imf(z) = img(w)

for all corresponding andw. This is the bareminimum

thatwe couldhopeto achieve in arecti cation.

Unlikein the perspectie casewe cannotperformarec-
ti cation usinghomographiesThe closestknown equiva-
lentto homographiefor parabolicprojectionsarethegroup
of Mdbiustransformationsn the complec planeor equiva-
lently Lorentztransformation®f x. Theformertransforms
animagepoint (u; v) representedby the complex number
z = u+ iv viathefunctionf (z) = (az + b)=(cz+ d). All
suchtransformationshowever, presere circles. Therefore
acoaxalsystenof circlesremainsa coaxalsystenof circles
andsothey do not have the capabilityof producinga setof
parallellines from a systemof coaxalcircles. This should
not be seenasa limit which could be overcomeby some
extensionto planarhomographiesthey too mustpresere
imagesof linesandthereforeepipolarcircles.

We proposean alternatve transformationbasedon the
bipolar coodinate system10]. A bipolar coordinatesys-
tem consistsof a pair of two mutually orthogonalsystems
of coaxalcircles.For themomentwe consideronly oneim-
ageandsupposédhate; ande, arethetwo epipoles.It can
beveri ed thatthe setof all z suchthattheangle

o = \eze (5)
is constantis a circle throughe; ande,, andfurthermore
ary circle is uniquelydeterminecby someangle. The an-
gle o differsby a constantfrom the angleof intersection
betweertheline throughe; ande, andthecircleit de nes.
Similarly, the setof all z suchthattheratio

ro = d(z;e1)=d(z;€)
is constants acircle orthogonato any of thecirclesde ned
by (5), wherehered( ; ) denoteghe distancebetweertwo
comple& points.



We canturn this into a transformationof the complex
planeif wesetw®= + i where = logr, for then,

z e . 7z e z e
w® = log ! +iarg 1 = log L.
z e z e z e

Anotherrepresentatioof thistransformatiorcanbechosen
sincecoth ! = %Iogz+ 1=z 1, sothatalternatvely we
have

0 _

+ 2z
w’ = L:

2coth 12
€ €

Sincecoth !isanalytic— it satis esthe Cauchy-Riemann
equationg12] — thisrecti cation is conformal. Therange

of thistransformatioris from 1 to1 intherealcompo-

nent,and to intheimaginarycomponent.

Figure3: Herewe shaw therecti ed imagesrotatedby 90
andplotthelinesjoining pointsin thetwo imageso demon-
stratethatthey doindeedie in thesamerow (herecolumn).

Returningto two imagedete;; beall four epipoles As-
sumethat zo andwy satisfy the epipolarconstraint. It is

not sufcient to apply (6) sincezd andwd will not neces-
sarily havethesamemaginarycomponentsThedifference
of theirimaginarycomponentshowever, will be somecon-
stant ¢ independentf the choiceof corresponding, and

Wp. In particularfor some o,
o+imzd =, imwd:

whereasusuala =, bif andonlyif 2 dividesa b To
nd ¢ from thecorrespondencsimply solve for ¢ in the
congruencequation.Obsene that

z(e +1)+€e 1
z( 1)+ 1°
upto acongruencef 2 in theimaginarypart. This leads
to two equations:

i +2coth 'z = 2coth !

z(e + 1)+ e € +epn .

0 _ 1

z° = 2coth - _
z(¢ 1) ep€ +e
a+ e

W0 = 2 coth 1w'
€21 €2:2

which summarizethe recti cation equationsof the stereo
pair. This transformatiorcanbe applieddirectly to anim-
agerepresentedh the complex plane. One mustexclude
circlesaroundtheepipolessincetheepipolesareasingular
ity in themapping.Therangeandresolutionaredetermined
by the positionsof the epipoles.

We now shaw that there are no other conformalrecti-
cations. Consideragainonly oneimageand considera
transformatiorg whichrecti es analreadyrecti ed image,
which would be the sameasinvertingthe currentrecti ca-
tion andapplyingsomeotherrecti cation. The functiong
mustsatisfy

img(x +1iy) = gu(xy)+igv(y):

In other words, its imaginary componentought not de-
pendon the real componenbf its argument. Supposehat
g is twice differentiableand that it satis es the Cauchy-
Riemannrequations:

@ BB @

@ @ @ @
Clearly@y,=@ = 0. UsingtheRiemann-Cauchgquations
we nd that@g,=@@ = Oandthat@g,=@@ = g2y).
Thereforeg, (y) = ax + bfor somereala andb, andsim-
ilarly for g,. Thereforeg is no morethana translationand
scale.

x6 Experiment and conclusion

We demonstratéhe proposedecti cation by applyingit
totheimagesshavnin Figurel. Theresultsof therecti ca-
tion areshavn in Figure3. We draw linesbetweerthe cor-
respondingfeaturesin the recti ed imagesto demonstrate



Figure4: Left: A disparityimageis estimatedvith a correlationbasedalgorithmon therecti ed images.Middle: Oneof
therecti ed images.Right: A warpingof theotherimage(the bottomimagein Figure3) into themiddleimagebasednthe

disparitymap.

thethefeaturesareonthe samerow of therecti ed images.
We have usedtheserecti ed imagesto performa correla-
tion basedlisparityestimationtheresultsareshavn in the
left of Figure (4). Using this disparity map we warp the
bottomimageof Figure 3 into thetop image. The original
top imageis duplicatedin the middle of Figure 3 andthe
warpedimageis shavn ontheright. Ideally thetwo images
would look exactly the same,in areasof low texture this
is not quite the case thoughit doesperformwell in those
regionswhereit waseasierto obtaina correspondence.

In this paperwe have demonstrate@ techniquefor the
recti cation of paraboliccatadioptricstereopairs. Therec-
tifying transformationis the uniqueconformaltransforma-
tion ableto rectify the images. We have demonstratethe
procedureon two real imagesand given a demonstration
of ¢disparity estimationfrom the recti ed imagesbasedon
cross-correlation.
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